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Abstract. Let p be an odd prime number and f a modular form. We consider the
Fp-valued Galois representation ρ̄f attached to f and its twist ρ̄f,D by the quadratic
character χD corresponding to a quadratic discriminant D. We define Kf,D to be
the field corresponding to the kernel of ρ̄f,D. In this article, we investigate the
ideal class group Cl(Kf,D) of the number field Kf,D as a Gal(Kf,D/Q)-module.
We give a condition which implies the existence of a Gal(Kf,D/Q)-equivariant
surjective homomorphism from Cl(Kf,D)⊗Fp to the representation space Mf,D of
ρ̄f,D, using Bloch and Kato’s Selmer group of ρ̄f,D. We also give some numerical
examples where we have such surjections by calculating the central value of the L-
function of f twisted by χD under Bloch and Kato’s conjecture. Our main result in
this paper is a partial generalization of the previous result of Prasad and Shekhar
on elliptic curves to higher weight modular forms.

1. Introduction and main result

Galois representations attached to modular forms are used as fundamental tools in
several places of modern number theory. For example, they play important roles in
the proof of the Iwasawa main conjectures by Mazur-Wiles [18] and by Skinner-Urban
[28]. The associated number fields to such Galois representations are also important
objects in number theory. For instance, in [7, Section 6.4], Bosman computed the
images of Galois representations attached to modular forms explicitly, investigating
their associated number fields.

In this article, our interest is in the ideal class groups of such important number
fields. Let us explain slight more details here. Let p be an odd prime number and
f a modular form with certain conditions we explain later. Then we can attach an
Fp-valued Galois representation ρ̄f : GQ → GL2(Fp), where GQ denotes the absolute
Galois group Gal(Q/Q) for a fixed algebraic closure Q of Q. We also consider its
twist

ρ̄f,D : GQ → AutFp(Mf,D) ≃ GL2(Fp)

by the quadratic character χD corresponding to a quadratic discriminant D. Here,
we define Mf,D to be the representation space of ρ̄f,D. Then we can define a number
fieldKf,D as the fixed field of Ker(ρ̄f,D) in Q. We study the ideal class group Cl(Kf,D)
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of Kf,D. In this situation, the Galois group Gal(Kf,D/Q) acts naturally on Cl(Kf,D),
so we investigate it as a Gal(Kf,D/Q)-module. More precisely, we are interested in
the following question.

Question 1.1. For an arbitrary Fp-valued irreducible representation M of Gal(Kf,D/Q),
when does a Gal(Kf,D/Q)-equivariant surjective homomorphism from Cl(Kf,D)⊗Fp

to M exist?

This question is important for us to understand the structure of Cl(Kf,D) as a
Gal(Kf,D/Q)-module. In fact, the existence of such a surjection implies that M
appears in the semi-simplification (Cl(Kf,D) ⊗ Fp)

ss of Cl(Kf,D) ⊗ Fp. The author
hopes that Question 1.1 will lead us to a non-commutative analogue of Herbrand
and Ribet’s theorem in [12, 22] for Kf,D/Q.

As the first step toward Question 1.1, we deal with the case M = Mf,D in this
paper. Our main result gives an answer to Question 1.1 for M = Mf,D in terms of
Bloch and Kato’s Selmer group H1

f (Q,Mf,D) of Mf,D.

Theorem (Main result). Under the conditions (A), (B), (C) and (D) in Subsection
2.3, there exists a Gal(Kf,D/Q)-equivariant surjective homomorphism from Cl(Kf,D)⊗
Fp to Mf,D if the inequality dimFp(H

1
f (Q,Mf,D)) ⩾ 2 holds.

We describe our main result in a precise form as Theorem 2.3 in Subsection 2.3
again.

Using our main result, we can study the ideal class group Cl(Kf,D) via the size of
the Bloch-Kato Selmer group H1

f (Q,Mf,D). Assuming Bloch and Kato’s conjecture,
we can examine when the inequality dimFp(H

1
f (Q,Mf,D)) ⩾ 2 holds by calculating

a special value of the L-function L(f, χD, s) of f twisted by χD. In Section 6, we
do such calculations and give some examples of our result (see Propositions 6.2 and
6.4).

Since Kf,D is actually a non-abelian extension over Q, it is difficult in general
to study Cl(Kf,D) as a Gal(Kf,D/Q)-module directly even with computer algebra
systems. Therefore, the author hopes our result, which clarifies a part of the structure
of Cl(Kf,D) as a Gal(Kf,D/Q)-module, will be an important tool in the topic in this
paper.

Here, we give several known results on the ideal class group Cl(Kf,D). Suppose f is
a rational cusp form of weight 2. Then the Galois representation Mf,D is isomorphic
to the group of the p-torsion points E[p] of E, where E is the quadratic twist of the
elliptic curve corresponding to f by D. Hence, the number field Kf,D is the same as
Q(E[p]) which is generated by the coordinates of the points in E[p] over Q. In [21],
Prasad and Shekhar studied the ideal class group Cl(Q(E[p])) as a Gal(Q(E[p])/Q)-
module using the p-Selmer group Sel(Q, E[p]) of E. One of their results [21, Theorem
3.1] is that if dimFp(Sel(Q, E[p])) ⩾ 2, then there exists a Gal(Q(E[p])/Q)-equivariant
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surjection Cl(Q(E[p]))⊗Fp ↠ E[p] under similar assumptions to ours. Actually, the
motivation of our work in this paper was to generalize this result of Prasad and
Shekhar to higher weight modular forms.

The order of Cl(Kf,D) has been also studied by many people. For example,
some lower bounds for the p-adic valuation of #Cl(Q(E[p])) were given by Sairaiji-
Yamauchi [27] and Hiranouchi [13] for an elliptic curve E. Ohshita [20] further
generalized their result for number fields associated to more general Galois represen-
tations including our ρ̄f,D, and gave a lower bound in [20, Theorem 3.4] similar to
[27], [13]. On the other hand, we can also give a lower bound for the p-adic valuation
of #Cl(Kf,D) from our main result. In fact, if we have a surjective homomorphism
Cl(Kf,D) ⊗ Fp ↠ Mf,D, then we obtain especially p2 | #Cl(Kf,D) since Mf,D is
2-dimensional over Fp. This lower bound is the same as Ohshita’s given in [20].

Remark 1.2. In our previous work [2], we generalized the result of Prasad and
Shekhar [21] to a different direction from that of this paper. For an elliptic curve
E over Q, we gave in [2] a condition which implies the existence of a surjective
Gal(Q(E[p])/Q)-equivariant homomorphism Cl(Q(E[p])) ⊗ Fp ↠ SymiE[p] (1 ⩽
i ⩽ p− 2). Here SymiE[p] denotes the i-th symmetric power of E[p] and i = 1 is the
case Prasad and Shekhar studied. Thus, combining the method of this paper and
[2], we can give a condition which implies the existence of a surjective Gal(Kf,D/Q)-
equivariant homomorphism Cl(Kf,D)⊗ Fp ↠ SymiMf,D, and an answer to Question
1.1 for M = SymiMf,D (see Remark 2.5).

At the end of this section, we explain the outline of this paper. In section 2, we
first introduce notation and recall the definition of the Bloch-Kato Selmer groups and
Tate-Shafarevich groups for p-adic representations. After that, we state our main
result in Theorem 2.3 again in a precise form and write a sketch of the proof dividing
it into (Step 1), (Step 2) and (Step 3). In section 3, we prove (Step 1). In section 4,
we introduce basic notions of the Tamagawa factor and prove (Step 2). In section 5,
we prove (Step 3) and complete the proof of Theorem 2.3. Finally in section 6, we
introduce some numerical examples.

2. Preliminaries and a sketch of the proof of the main result

2.1. Basic notation. First, we summarize our notations for various Galois repre-
sentations we use in this paper.

We fix p as an odd prime number. Let f(z) =
∑∞

n=0 anq
n be a normalized Hecke

eigen new cuspform of even weight k ⩾ 2 and level Γ0(N). Here q := e2π
√
−1z

and the parameter z is in the complex upper half plane. We define a number field
Q(f) := Q(a1, a2, · · · ) generated by the Fourier coefficients {a1, a2, · · · } of f over Q.
We assume the following two conditions hold.
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• There exists a prime ideal p of Q(f) above p such that the completion of
Q(f) at p is isomorphic to Qp.

• Q(f) is totally real.

By the first assumption and the result of Eichler [9], Shimura [24] and Deligne [3], we
can take the p-adic Galois representation ρ0f : GQ → AutQp(V

0
f ) attached to f and p,

where V 0
f denotes its representation space. Note that we take V 0

f whose Hodge-Tate
weights are {0, k − 1} as a GQp-module. For a fixed Galois stable Zp-lattice T 0

f of
V 0
f , we put

A0
f := V 0

f /T
0
f
∼= (Qp/Zp)

⊕2, M0
f := T 0

f /pT
0
f
∼= F⊕2

p

and ρ̄0f : GQ → AutFp(M
0
f )

∼= GL2(Fp).
Let χcyc : GQ → Z×

p and ωcyc : GQ → F×
p denotes the p-adic and mod p cyclotomic

character respectively. We define

Vf := V 0
f (χ

1− k
2

cyc ), Af := A0
f (χ

1− k
2

cyc ), Mf :=M0
f (ω

1− k
2

cyc ),

and put

ρf := ρ0f ⊗ χ
1− k

2
cyc : GQ → AutQp(Vf ),

ρ̄f := ρ̄0f ⊗ ω
1− k

2
cyc : GQ → AutFp(Mf ).

Here and after, for a Galois representation W and a character χ of GQ, W (χ) denotes
the twist of W by χ. Note that we have a GQ-equivariant isomorphism

Vf ≃ V ∗
f (χcyc),(2.1)

by the assumption that Q(f) is totally real, where V ∗
f denotes the Qp-linear dual

HomQp(Vf ,Qp) of Vf .
We consider various quadratic twists of the above Galois representations. Putting

D as a quadratic discriminant or 1, we take χD the corresponding quadratic character
or the trivial character of GQ respectively. Then we put

Vf,D := Vf (χD), Af,D := Af (χD), Mf,D :=Mf (χD),

and write

ρf,D := ρf ⊗ χD : GQ → AutQp(Vf,D),

ρ̄f,D := ρ̄f ⊗ χD : GQ → AutFp(Mf,D).

Finally, as we explained in Section 1, we define a number field Kf,D as the fixed field
of Ker(ρ̄f,D) in Q.
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2.2. The Bloch-Kato Selmer groups and Tate-Shafarevich groups. Next, we
recall the Bloch-Kato Selmer groups and Tate-Shafarevich groups for p-adic repre-
sentations. For more details, see [1, Section 5].

For a number field or a local field F , GF denotes its absolute Galois group
Gal(F/F ) for a fixed algebraic closure F . Let L/F be a Galois extension of number
fields or local fields, and N a Gal(L/F )-module. We abbreviate the Galois cohomol-
ogy group H i(Gal(L/F ), N) by H i(L/F,N). Moreover, if L = F , then we abbreviate
H i(L/F,N) by H i(F,N). We define the unramified cohomology group H i

ur(F,N) as
a subgroup of cohomology classes in H i(F,N) which are trivial when restricted to
the inertia subgroup at every place of F .

Let V be a p-adic representation of GQ. We take Bloch and Kato’s local condition
H1

f (Qℓ, V ) in H1(Qℓ, V ) at every prime number ` as{
H1

f (Qℓ, V ) := H1
ur(Qℓ, V ) = Ker (H1(Qℓ, V ) → H1(Qur

ℓ , V )) (` ̸= p),

H1
f (Qp, V ) := Ker (H1(Qp, V ) → H1(Qp, V ⊗Bcrys)) (` = p).

Here Qur
ℓ is the maximal unramified extension of Qℓ and Bcrys denotes Fontaine’s

crystalline period ring which is defined in [1, Section 1]. Put T as a Galois stable
Zp-lattice in V , A := V/T and M := T/pT . Then we have exact sequences

0 → T
ι−→ V

π−→ A→ 0,(2.2)

0 →M
i−→ A

×p−→ A→ 0.(2.3)

By π in (2.2), we have the induced homomorphism

π : H1(Qℓ, V ) → H1(Qℓ, A).

Similarly, we also have the induced homomorphism

i : H1(Qℓ,M) → H1(Qℓ, A)

by i in (2.3). We define local conditions at ` with coefficients in A and M as

H1
f (Qℓ, A) := π(H1

f (Qℓ, V )), H1
f (Qℓ,M) := i−1(H1

f (Qℓ, A))

respectively.

Definition 2.1. Let W be one of V , A and M . The Bloch-Kato Selmer group of W
is defined as

H1
f (Q,W ) := Ker

(
H1(Q,W )

∏
Locℓ−−−−→

∏
ℓ

H1(Qℓ,W )

H1
f (Qℓ,W )

)
.

Here, Locℓ denotes the restriction map H1(Q,W ) → H1(Qℓ,W ) for every prime
number ` and the product runs over all prime numbers.
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We note a relationship between the Selmer groups H1
f (Q, A) and H1

f (Q,M). From
(2.3), we have an exact sequence

0 → AGQ ⊗ Fp → H1(Q,M)
i−→ H1(Q, A)[p] → 0,(2.4)

where the above map i is the induced one by i : M → A in (2.3). Then we can see
that

H1
f (Q,M) = i−1(H1

f (Q, A)[p]).

Definition 2.2. The p-part of the Bloch-Kato Tate-Shafarevich group for A is defined
as

XBK(Q, A) :=
H1

f (Q, A)
π(H1

f (Q, V ))
,

where π : H1(Q, V ) → H1(Q, A) is induced by the map π : V → A.

By definition, XBK(Q, A) sits in the following exact sequence

0 → π(H1
f (Q, V )) → H1

f (Q, A) → XBK(Q, A) → 0.(2.5)

We note that π(H1
f (Q, V )) is the maximal divisible subgroup of H1

f (Q, A), and hence
XBK(Q, A) is always finite, in contrast to a well-known conjecture for classical Tate-
Shafarevich groups for elliptic curves. Since π(H1

f (Q, V )) is divisible, we have a
surjection H1

f (Q, A)[p] → XBK(Q, A)[p] restricting the surjection in (2.5). Thus, we
also have a surjection

H1
f (Q,M) → XBK(Q, A)[p](2.6)

since we have the surjection i : H1
f (Q,M) → H1

f (Q, A)[p] .

2.3. The main result and a sketch of the proof. Now we can state our main
result in a precise form.

Theorem 2.3 (Main result). We assume the following conditions hold.
(A) p does not divide the level N of f .
(B) If f is supersingular at p, then k ⩽ p+ 1.

If f is ordinary at p, then p − 1 ∤ k − 1 and neither of the conditions in
Proposition 5.11 occur.

(C) The image of ρ0f : GQ → GL2(Fp) contains SL2(Fp).
(D) For every prime number ` | N , the Tamagawa factor c(Qℓ, Af,D) of Af,D is

trivial.
Then, there exists a Gal(Kf,D/Q)-equivariant surjective homomorphism from Cl(Kf,D)⊗
Fp to Mf,D if the inequality dimFp(H

1
f (Q,Mf,D)) ⩾ 2 holds.
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Remark 2.4. In [21], Prasad and Shekhar only dealt with the case where f is a
rational cusp form of weight 2, and hence corresponds to an elliptic curve over Q
as we mentioned in Section 1. Our main result implies their result at least partially
because the assumptions in Theorem 2.3 are a bit stronger than those in their result.

Here, we describe a sketch of the proof. We mainly follow the strategy used in [2]
in which we gave another generalization of the result of Prasad and Shekhar [21].

(Step1) : We show that a restriction map

ResKf,D/Q : H1(Q,Mf,D) → H1(Kf,D,Mf,D)
Gal(Kf,D/Q)

is injective under the assumption (C) in Theorem 2.3.

Assuming the claim in (Step1), the above restriction map induces an injection be-
tween the unramified cohomology groups

H1
ur(Q,Mf,D) ↪→ H1

ur(Kf,D,Mf,D)
Gal(Kf,D/Q).

Due to class field theory, we have

Gal(Kur
f,D/Kf,D) ∼= Cl(Kf,D)

which implies

H1
ur(Kf,D,Mf,D)

Gal(Kf,D/Q) = HomGal(Kf,D/Q)(Cl(Kf,D)⊗ Fp,Mf,D).

Here, the right-hand side is the group of Gal(Kf,D/Q)-equivariant homomorphisms
from Cl(Kf,D)⊗ Fp to Mf,D. Every non-zero homomorphism in it is surjective since
the condition (C) implies that Mf,D is irreducible as a Gal(Kf,D/Q)-module. From
this observation and the above injection between the unramified cohomology groups,
it suffices to show H1

ur(Q,Mf,D) ̸= 0 if dimFp(H
1
f (Q,Mf,D)) ⩾ 2.

(Step2) : Under the assumption (D) in Theorem 2.3, we show that the image of
H1

f (Q,Mf,D) in H1(Qur
ℓ ,Mf,D) is zero for any ` ̸= p. In other words, we show that

elements in H1
f (Q,Mf,D) are unramified outside p.

Assuming the claim in (Step2), for a restriction map

Resurp : H1
f (Q,Mf,D) → H1(Qur

p ,Mf,D),

we have Ker(Resurp ) ⊂ H1
ur(Q,Mf,D). Thus, it suffices to show that Ker(Resurp ) ̸= 0.

(Step3) : We show that dimFp(Im(Resurp )) ⩽ 1 under the assumptions (A) and
(B) in Theorem 2.3.

The above inequality implies Ker(Resurp ) ̸= 0 if dimFp(H
1
f (Q,Mf,D)) ⩾ 2. This

completes the proof of Theorem 2.3.
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Remark 2.5. As we noted in Remark 1.2, we can prove a generalization of Theorem
2.3 to higher symmetric powers combining the procedure which we explain above
and which we used in [2]. More precisely, for i with 0 ⩽ i ⩽ p − 2, we assume the
following.

(A′) p does not divide the level N of f .
(B′) If f is supersingular at p, then k ⩽ p+ 1.

If f is ordinary at p, then H0(Qp, Sym
iAf,D)⊗ Fp = 0.

(C ′) The representation ρ0f : GQ → GL2(Fp) is surjective.
(D′) For every prime number ` | N , the Tamagawa factor c(Qℓ, Sym

iAf,D) of
SymiAf,D is trivial.

Then we can show that there exists a Gal(Kf,D/Q)-equivariant surjection

Cl(Kf,D)⊗ Fp ↠ SymiMf,D

if the inequality dimFp(H
1
f (Q, Sym

iMf,D)) ⩾ i+1 holds. When i = 1 and k > 2, the
above condition (B′) is equivalent to (B) in Theorem 2.3.

3. Injectivity of the restriction map ResKf,D/Q

In this section, we prove the claim of (Step1). In the following, we omit the suffixes
of our Vf,D, Tf,D, Af,D,Mf,D, Kf,D as V, T,A,M,K if no confusion occurs.

Proposition 3.1. Suppose that Im(ρ̄0f ) contains SL2(Fp) (the assumption (C) in
Theorem 2.3). Then ResK/Q : H1(Q,M) → H1(K,M)Gal(K/Q) is injective.

(Proof of Proposition 3.1)
Due to the inflation-restriction exact sequence, the kernel of the restriction map

ResK/Q is H1(K/Q,M). Thus, it suffices to show that H1(K/Q,M) = 0. We use
the following lemma.

Lemma 3.2. Let G be a finite group and N a finite dimensional representation of
G over Fp. If there exists a normal subgroup H of G such that (1) #H is prime to
p and (2) NH = 0, then H i(G,N) = 0 for all i ⩾ 0.

For a proof of this lemma, see [2, Lemma 3.2]. We divide a proof of Proposition
3.1 into two cases.

(Case 1 : p ⩾ 5) Let L := Q(ζp,
√
D) where ζp is a primitive p-th root of unity.

First, we show that the image of ρ̄0f : GQ → GL2(Fp) still contains SL2(Fp) when
restricted to GL. Let F and FL be the fields corresponding to the kernel of ρ̄0f and
ρ̄0f |GL

in Galois theory respectively. We have Gal(F/Q) ∼= Im(ρ̄0f ) ⊃ SL2(Fp) and
Gal(F/F ∩ L) ∼= Gal(FL/L) ∼= Im(ρ̄0f |GL

). Let F ′ be the intermediate field of the
extension F/Q corresponding to SL2(Fp). Then F ′ ·(F∩L)/F ′ is an abelian extension
as the extension F ∩ L/Q is. On the other hand, SL2(Fp) is a perfect group since
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we assume p ⩾ 5. In other words, SL2(Fp) has no non-trivial abelian quotients.
Hence, we have F ′ · (F ∩ L) = F ′ and SL2(Fp) ∩ Gal(F/F ∩ L) = SL2(Fp). Thus,
Im(ρ̄0f |GL

) ∼= Gal(F/F ∩L) ⊃ SL2(Fp). Since ρ̄f,D|GL
= ρ0f |GL

, Im(ρ̄f,D) ∼= Gal(K/Q)
also contains SL2(Fp) and especially −I, where I denotes the unit matrix in SL2(Fp).
Then the subgroup H of Gal(K/Q) generated by −I satisfies the conditions (1), (2)
in Lemma 3.2 for N =M and we have H i(K/Q,M) = 0 for all i ⩾ 0.

(Case 2 : p = 3) Since we assume that Im(ρ̄0f ) ⊃ SL2(F3), Im(ρ̄0f ) contains the
matrices

A1 =

(
1 1
1 −1

)
, A2 =

(
−1 −1
−1 1

)
.

for a suitable basis of M over F3. We take σ ∈ GQ such that ρ̄0f (σ) = A1. Since
both mod 3 cyclotomic character ωcyc and χD have order 2, ρ̄f,D(σ) = A1 or A2. We
can show that there are no non-trivial elements in M which are fixed by A1 or A2

by direct computation. Hence, if ρ̄f,D(σ) = A1 ∈ Gal(K/Q) (resp. A2), then the
subgroup of Gal(K/Q) generated by A1 (resp. A2) satisfies the conditions (1), (2)
in Lemma 3.2 for N = M since every subgroup of SL2(F3) is normal and 2-group.
Thus, we have H i(K/Q,M) = 0 for all i ⩾ 0 from Lemma 3.2. □

4. Localization of the Selmer group H1
f (Q,M) outside p

4.1. Tamagawa factor. Here, we introduce some basic notions on the Tamagawa
factor. In this subsection, V , A andM denotes a general p-adic Galois representations
as in Subsection 2.2.

Fixing a prime number ` ̸= p, we write Iℓ as the inertia subgroup of GQℓ
. We

define a finite group A := AIℓ/(AIℓ)div, where (AIℓ)div denotes the maximal divisible
subgroup of AIℓ .

Definition 4.1. We define the p-part of the Tamagawa factor of A at ` as

c(Qℓ, A) := #A/(Frobℓ − 1)A = #AFrobℓ=1.

Here Frobℓ denotes the Frobenius element in Gal(Qur
ℓ /Qℓ). Note that for an end-

morphism g of A, the orders of Ker(g) and Coker(g) are the same since A is finite.
Hence, the second equality in the definition holds. Roughly speaking, the Tamagawa
factor c(Qℓ, A) can be used to measure the difference between H1

ur(Qℓ,M) and the
local condition H1

f (Qℓ,M).

Proposition 4.2. If c(Qℓ, A) = 1, then H1
f (Qℓ,M) = H1

ur(Qℓ,M).

(Proof of Proposition 4.2)
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We first consider the local condition with coefficients in A.

H1
ur(Qℓ, A)/H

1
f (Qℓ, A)

∼−→ Coker
(
H1

f (Qℓ, V ) = H1
ur(Qℓ, V )

π−→ H1
ur(Qℓ, A)

)
∼−→ Coker

(
V Iℓ/(Frobℓ − 1)(V Iℓ)

π−→ AIℓ/(Frobℓ − 1)(AIℓ)
)

∼−→ A/(Frobℓ − 1)A.
Here, we use the identification H1

ur(Qℓ, V ) = H1(Qur
ℓ /Qℓ, V

Iℓ) ≃ V Iℓ/(Frobℓ−1)(V Iℓ)
in the second isomorphism above. Thus, if c(Qℓ, A) = 1, we have H1

ur(Qℓ, A) =
H1

f (Qℓ, A). On the other hand, since H1
f (Qℓ,M) is the inverse image of H1

f (Qℓ, A) =

H1
ur(Qℓ, A) under i : H1

f (Qℓ,M) → H1
f (Qℓ, A), we have

H1
f (Qℓ,M) = ker(H1(Qℓ,M) → H1(Qℓ, A) → H1(Qur

ℓ , A)
Frobℓ=1)

= ker(H1(Qℓ,M) → H1(Qur
ℓ ,M)Frobℓ=1 g→ H1(Qur

ℓ , A)
Frobℓ=1).

We can see that the above homomorphism g is injective. In fact, from the exact
sequence (2.3), we have an exact sequence

0 → (AIℓ ⊗ Fp)
Frobℓ=1 −→ H1(Qur

ℓ ,M)Frobℓ=1 g−→ H1(Qur
ℓ , A)

Frobℓ=1.

Since AIℓ ⊗ Fp = A⊗ Fp, we obtain

Ker(g) = (AIℓ ⊗ Fp)
Frobℓ=1 = (A⊗ Fp)

Frobℓ=1 = AFrobℓ=1 ⊗ Fp = 0.

In the third equality above, we use the assumption c(Qℓ, A) = #AFrobℓ=1 = 1 to get
H1(Qur

ℓ /Qℓ,A) = 0. Thus the homomorphism g is injective and

H1
f (Qℓ,M) = Ker(H1(Qℓ,M) → H1(Qur

ℓ ,M)Frobℓ=1) = H1
ur(Qℓ,M).

□
We introduce a sufficient condition on M = A[p] for c(Qℓ, A) = 1.

Proposition 4.3. For a prime number ` ̸= p, if MGQℓ = 0, then c(Qℓ, A) = 1.

(Proof of Proposition 4.3)
We have a commutative diagram of exact sequences

0 // (AIℓ)div //

Frobℓ−1
��

AIℓ //

Frobℓ−1
��

A //

Frobℓ−1

��

0

0 // (AIℓ)div // AIℓ // A // 0.

The assumption MGQℓ = 0 implies AGQℓ = 0. In fact, if we have a non-trivial
element x ∈ AGQℓ , then the element pmx is a non-trivial element in MGQℓ = A[p]GQℓ

for sufficiently large m ∈ Z. Hence, the middle vertical arrow is injective and so is the
left vertical arrow. While (AIℓ)div is the direct sum of finite numbers of Qp/Zp, the
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injective left vertical arrow is in fact an isomorphism. Therefore, the right vertical
arrow is injective by Snake lemma which implies c(Qℓ, A) = #AFrobℓ=1 = 1. □
4.2. Unramifiedness of H1

f (Q,Mf,D) outside p. In this subsection, we reset A =
Af,D and M = Mf,D. Now we prove the following proposition which is the claim in
(Step 2).

Proposition 4.4. If c(Qℓ, A) = 1 for every prime ` with ` | N (the assumption (D)
in Theorem 2.3), then the elements in H1

f (Q,M) are unramified outside p.

(Proof of Proposition 4.4)
Since p ⩾ 3, there is nothing to prove for unramifiedness at the infinite place of

Q. If a prime number ` (̸= p) does not divide N , the inertia subgroup Iℓ acts on A0
f

trivially. So we have

AIℓ
f,D =

{
Af,D (

√
D ∈ Qur

ℓ ),

0 (otherwise),

which implies c(Qℓ, Af,D) = 1 in both cases. While for ` | N , we assume that
c(Qℓ, A) = 1. Hence, we haveH1

f (Qℓ,M) = H1
ur(Qℓ,M) for all ` ̸= p from Proposition

4.2. Thus, elements in the Selmer group H1
f (Q,M) are unramified outside p.

□

5. Localization of the Selmer group H1
f (Q,Mf,D) at p

In this section, we consider the restriction map Resurp : H1
f (Q,M) → H1(Qur

p ,M)
at p. We show that its image has at most dimension 1 over Fp under the assumptions
(A) and (B) in Theorem 2.3. We decompose Resurp as

Resurp : H1
f (Q,M)

Locp−−→ H1(Qp,M)
ResQur

p /Qp−−−−−−→ H1(Qur
p ,M).

Here, ResQur
p /Qp denotes the restriction of cohomology classes to the inertia subgroup

at p. We first study the image of H1
f (Q,M) under Locp which is a subspace of the

local condition H1
f (Qp,M). By the definition of the local condition H1

f (Qp,M) and
(2.3), we have an exact sequence

0 → AGQp ⊗ Fp → H1
f (Qp,M)

ι−→ H1
f (Qp, A)[p] → 0.

Therefore, we have an inequality
dimFp(Im(Locp)) ⩽ dimFp(H

1
f (Qp,M))

⩽ dimFp

(
AGQp ⊗ Fp

)
+ dimFp

(
H1

f (Qp, A)[p]
)
.(5.1)

Since H1
f (Qp, A) is the image of H1

f (Qp, V ) and cofinitely generated as a Zp-module,
we have

dimFp(H
1
f (Qp, A)[p]) = dimQp(H

1
f (Qp, V )).
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The dimension of H1
f (Qp, V ) can be computed by the following fact.

Proposition 5.1 ([1], Corollary 3.8.4). For a p-adic representation V of GQp, we
define

DdR(V ) := (V ⊗BdR)
GQp ,

D+
dR(V ) := (V ⊗B+

dR)
GQp .

Here, BdR is Fontaine’s de Rham period ring and B+
dR is its valuation ring. If V is

a de Rham representation, then

dimQp(H
1
f (Qp, V )) = dimQp(DdR(V )/D+

dR(V )) + dimQpH
0(Qp, V ).(5.2)

Lemma 5.2.

dimQp(DdR(Vf,D)/D
+
dR(Vf,D)) = 1.

(Proof of Lemma 5.2)
Since we assume p ∤ N , V 0

f is a crystalline, especially a de-Rham representation
when restricted to GQp . We know that Qp(χ

1−k/2
cyc ) and quadratic character χD are

also de-Rham as representations of GQp . Since tensor products of de-Rham represen-
tations are also de-Rham, Vf,D = V 0

f ⊗Qp(χ
1−k/2
cyc )⊗χD is a de-Rham representation,

and therefore we obtain

dimQpDdR(Vf,D) = dimQp(Vf,D) = 2.

On the other hand, the Hodge-Tate weights of V 0
f are {0, k− 1} as we mentioned

in Subsection 2.1. Note that twisting a p-adic representation ρ of GQp by χD does not
change its Hodge-Tate weights, while twisting ρ by χcyc shifts them by +1. Hence,
the Hodge-Tate weights of Vf,D are {1−k/2, k/2}, which implies dimQp(D

+
dR(V )) = 1.

Thus, we obtain

dimQp(DdR(V )/D+
dR(V )) = 2− 1 = 1.

□
Using (5.2) and Lemma 5.2, we obtain

dimFp(H
1
f (Qp, A)[p]) = dimQp(H

1
f (Qp, V )) = 1 + dimQpH

0(Qp, V ).(5.3)

By (5.1) and (5.3),

dimFp(Im(Locp)) ⩽ dimFp

(
AGQp ⊗ Fp

)
+ 1 + dimQpH

0(Qp, V ).(5.4)

In the following, we compute the first and the third terms in the above inequality.
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5.1. Supersingular case.

Proposition 5.3. If f is supersingular at p and k ⩽ p+ 1, then we have

AGQp ⊗ Fp = V GQp = 0.

We use the following result of Fontaine and Edixhoven.

Theorem (Fontaine-Edixhoven, [8], Theorem 2.6).
Suppose f is supersingular at p and the weight k of f satisfies 2 ⩽ k ⩽ p+ 1. Then
ρ̄0f |GQp

is irreducible.

Remark 5.4. Actually, their result describes a more precise local behavior of ρ̄0f at
a supersingular prime. See for example [8].

(Proof of Proposition 5.3)
From the theorem of Fontaine and Edixhoven, M0

f and its twist M = Mf,D are
irreducible GQp-modules. Hence, we obtain MGQp = 0 which implies AGQp = 0 by
the same argument as in the proof of Lemma 4.3. Thus, we obtain AGQp ⊗ Fp = 0.
Since the residual representation M is irreducible, the p-adic representation V is also
irreducible as a GQp-module which implies V GQp = 0. □

5.2. Ordinary case.

Proposition 5.5. Suppose f is ordinary at p. Then we have V GQp = 0.

(Proof of Proposition 5.5)
We know g ∈ GQp acts on V = Vf,D = V 0

f (χ
1−k/2
cyc ⊗ χD) as(

χ
k/2
cyc (g)ψ−1(g) u(g)

0 ψ(g)χ
1−k/2
cyc

)
· χD(g)(5.5)

for a suitable basis of V . Here, ψ : GQp → Z×
p is an unramified character and

u(g) ∈ Zp. We have a subspace W1 of V on which GQp acts via the character
χ
k/2
cycχDψ

−1. If V GQp ̸= 0, then V GQp is 1-dimensional and linearly independent with
W1 since χk/2

cycχDψ
−1 ̸= 1. Then the matrix (5.5) is similar to(

χ
k/2
cyc (g)χDψ

−1(g) 0
0 1

)
.

Taking determinants of above two matrices, we have χcyc = χ
k/2
cycχDψ

−1 which implies
χ
1−k/2
cyc ψ = χD. However, this is a contradiction since χcyc is ramified infinite order

character and ψ is unramified infinite order character. Hence, we obtain V GQp = 0.
□
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Proposition 5.6. Suppose f is ordinary at p and p − 1 ∤ k − 1. Then we have
MGQp = 0 if and only if neither of the following situations happen.
(When p ∤ D)

(i) M splits as a GQp-module, p− 1 divides one of k/2 or 1− k/2,
and ap(f) ≡ 1 (mod p).

(ii) M does not split as a GQp-module, p− 1 | k/2 and ap(f) ≡ 1 (mod p).

(When D = p∗ := (−1)
p−1
2 p)

(iii) M splits as a GQp-module, p− 1 divides one of k−p+1
2

or k+p−3
2

,
and ap(f) ≡ 1 (mod p).

(iv) M does not split as a GQp-module, p− 1 | k−p+1
2

and ap(f) ≡ 1 (mod p).
Here, ap(f) is the p-th Fourier coefficient of f .

(Proof of Proposition 5.6)
Taking a suitable basis {m1,m2} for M =Mf,D over Fp, we know g ∈ GQp acts on

M as (
ω
k/2
cyc (g)ψ̄−1(g) ū(g)

0 ψ̄(g)ω
1−k/2
cyc (g)

)
· χD(g),(5.6)

where ψ and u(g) ∈ Zp are as in (5.5) and ψ̄ and ū(g) are their reduction mod p.
We show Proposition 5.6 by a case-by-case computation.

(Case 1 : p ∤ D) In this case, we have
√
D ∈ Qur

p . By (5.6), an element g in the
inertia subgroup Ip at p acts on M via a matrix(

ω
k/2
cyc (g) ū(g)

0 ω
1−k/2
cyc (g)

)
.

First, suppose M splits as a GQp-module, or in other words, suppose ū = 0 holds.
For a, b ∈ Fp, an element x = am1 + bm2 ∈M and g ∈ Ip, we have

g(x) = g(am1 + bm2) = aωk/2
cyc (g)m1 + bω1−k/2

cyc (g)m2.

Thus, x ∈M Ip if and only if

aωk/2
cyc (g) = a, bω1−k/2

cyc (g) = b for all g ∈ Ip.(5.7)

If p − 1 ∤ k/2 and p − 1 ∤ 1 − k/2, (5.7) implies a = b = 0 and MGQp ⊂ M Ip = 0.
Suppose p− 1 | k/2 or p− 1 | 1− k/2 holds. Then we obtain M Ip = Fpm1 or Fpm2

respectively. The Frobenius element Frobp acts on Fpm1 and Fpm2 via multiplication
by ap(f)

−1 mod p and ap(f) mod p respectively. where ap(f) is the p-th Fourier
coefficient of f . Thus, MGQp = (M Ip)Frobp=1 = 0 if ap(f) ̸≡ 1 (mod p). When
ap(f) ≡ 1 (mod p), which is the situation (i) in Proposition 5.6, then MGQp = Fpm1

or Fpm2.
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Next, suppose M does not split as a GQp-module, we use the following lemma.

Lemma 5.7. Suppose M does not split as a GQp-module. If p − 1 ∤ k − 1, then M
still does not split when restricted to GQab

p
, where Qab

p denotes the maximal abelian
extension of Qp.

We prove this lemma later. From this lemma and its proof, we can retake a suitable
basis of M such that GQp acts on M also as (5.6) and ū(GQab

p
) ̸= 0. Then g ∈ GQab

p

acts onM via
(

1 ū(g)
0 1

)
. Hence, we can show that an element x = am1+bm2 ∈M

is fixed by GQab
p

if and only if

a = a+ bū(g) for all g ∈ GQab
p
.

Since ū(GQab
p
) ̸= 0, we obtain b = 0 and M Ip = (M

GQab
p )Ip = (Fpm1)

Ip . Here, Ip acts
on Fpm1 via the character ωk/2

cyc by (5.6). Hence, if p−1 ∤ k/2, then MGQp ⊂M Ip = 0.
Suppose p−1 | k/2. ThenM Ip = Fpm1 and Frobp acts on this space via multiplication
by ap(f)−1 mod p. Thus, if ap(f) ̸≡ 1 (mod p), we have MGQp = (M Ip)Frobp=1 = 0.
When ap(f) ≡ 1 (mod p), which is the situation (ii), then MGQp = Fpm1.

(Case 2 : p | D and D ̸= p∗) In this case, Qur
p (

√
D) and Qur

p (ζp) are linearly
disjoint over Qur

p . Hence, there exists σ ∈ GQur
p (ζp) such that χD(σ) = −1. By (5.6),

g ∈ GQur
p (ζp) acts on M via (

1 ū(g)
0 1

)
· χD(g).

Thus, an element x = am1 + bm2 ∈M fixed by GQur
p (ζp) if and only if

χD(g)(a+ bū(g)) = a, χD(g)b = b for all g ∈ GQur
p (ζp).

Putting g = σ, we obtain b = 0 from the second equality since p is odd and then we
get a = 0 from the first equality. Thus, we have MGQp ⊂M

GQur
p (ζp) = 0.

(Case 3 : D = p∗) In this case, we have an inclusion Qur
p (

√
D) ⊂ Qur

p (ζp). Suppose
M splits as a GQp-module. As the calculation in (Case 1), an element x = am1 +
bm2 ∈M is fixed by Ip if and only if

aωk/2
cyc (g)χD(g) = a, bω1−k/2

cyc (g)χD(g) = b for all g ∈ Ip.(5.8)

This condition is equivalent to the condition that the same equations hold for a
generator τ of the Galois group Gal(Qur

p (ζp)/Qur
p ) since both ωcyc and χD are trivial

on GQur
p (ζp). We know χD(τ) = −1 and ωcyc(τ) has order p − 1. Thus, (5.8) is

equivalent to the condition

−aωk/2
cyc (τ) = a, −bω1−k/2

cyc (τ) = b.
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If p−1
2

̸≡ k/2 (mod p− 1) and p−1
2

̸≡ 1− k/2 (mod p− 1), then a = b = 0 from the
above condition and we get MGQp ⊂ M Ip = 0. Suppose p−1

2
≡ k/2 (mod p − 1) or

p−1
2

≡ 1−k/2 (mod p−1) holds. Then M Ip = Fpm1 or Fpm2 respectively. As in the
argument in (Case 1), if ap(f) ̸≡ 1 (mod p), then MGQp = (M Ip)Frobp=1 = 0. When
ap(f) ≡ 1 (mod p), which is the situation (iii), MGQp = Fpm1 or Fpm2.

Finally, suppose M does not split as a GQp-module. By the same argument as in
(Case 1), we can show that an element x = am1 + bm2 ∈ M is fixed by GQab

p
if and

only if
a = a+ bū(g) for all g ∈ GQab

p
.

This implies b = 0 from Lemma 5.7 after retaking a suitable basis of M . Then
M Ip = (M

GQab
p )Ip = (Fpm1)

Ip and Ip acts on Fpm1 via ωk/2
cycχD by (5.6). So we can

see that x = am1 ∈M
GQab

p is fixed by Ip if and only if

−aωk/2
cyc (τ) = a.

If p−1
2

̸≡ k/2 (mod p − 1), then a = 0 from this equality and we obtain MGQp ⊂
M Ip = 0. Suppose p−1

2
≡ k/2 (mod p − 1). Then M Ip = Fpm1 and we have

MGQp = (M Ip)Frobp=1 = (Fpm1)
Frobp=1. This is trivial if ap(f) ̸≡ 1 (mod p), or

otherwise we have MGQp = Fpm1 (situation (iv)). □

Finally, we prove Lemma 5.7, using the following fact.

Proposition 5.8 ([17], Lemma 2.2). Let p > 2 be a prime number and B ⊂ GL2(Fp)

a Borel subgroup such that B contains a matrix g =

(
a b
0 c

)
with a ̸= c. Let

B′ := h−1Bh with h =

(
1 b/(c− a)
0 1

)
.

(1) We can decompose B′ as

B′ = B′
d ·B′

1,

and B/[B,B] ∼= B′/[B′, B′]. Here the groups B′
d, B

′
1 are defined as

B′
d = B′ ∩

{(
a 0
0 c

)∣∣∣∣ a, c ∈ F×
p

}
, B′

1 = B′ ∩
{(

1 b
0 1

)∣∣∣∣ b ∈ Fp

}
.

(2) [B′, B′] = B′
1.

(Proof of Lemma 5.7)
We show that g ∈ GQp acts on M0

f via a matrix(
ωk−1
cyc (g)ψ̄

−1(g) v̄(g)
0 ψ̄(g)

)
,(5.9)
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where v̄(g) ∈ Fp and v̄(GQab
p
) ̸= 0, choosing a suitable basis of M0

f . Then this
implies especially Mf,D = M0

f (ω
1−k/2
cyc χD) does not split as a GQab

p
-module. We put

Dp := ρ̄0f (GQp) ⊂ GL2(Fp). Since we assume p − 1 ∤ k − 1, ωk−1
cyc is not a trivial

character. Hence, if we take g ∈ Ip such that ωk−1
cyc (g) ̸= 1, then A := ρ̄0f (g)(∈ Dp)

is of the form A =

(
a b
0 1

)
(a ∈ F×

p , b ∈ Fp) and a ̸= 1. Thus, Dp satisfies

the assumptions in Proposition 5.8. Then we change the basis {m1,m2} of M by

the regular matrix h =

(
1 b(1− a)−1

0 1

)
and write D′

p = h−1Dph. Note that this

change of basis affects only the upper right component of (5.6). From Proposition
5.8, we have a decomposition of D′

p as

D′
p = (D′

p)d · (D′
p)1

=

{(
ωk−1
cyc (g)ψ̄

−1(g) 0
0 ψ̄(g)

)∣∣∣∣ g ∈ GQp

}
·
{(

1 b
0 1

)∣∣∣∣ b ∈ Fp

}
.

Since we assume that M0
f does not split as a GQp-module, we have (D′

p)1 ̸= {I}.
From Proposition 5.8 (2), this means the commutator subgroup of D′

p is non-trivial
which implies D′

p is non-abelian. Therefore, we have the desired result. □

Thus, we get the conditions which implies V GQp = 0 and MGQp = (A[p])GQp = 0 in
Propositions 5.3, 5.5 and 5.6. The latter equality especially implies AGQp ⊗ Fp = 0.
From the inequality (5.4), we obtain

dimFp(Im(Resurp )) ⩽ dimFp(Im(Locp)) ⩽ 1

which is the claim of (Step 3) under the assumptions of Propositions 5.3 and 5.6.

5.3. CM case. If f is ordinary at p, k = 2 and T/pnT splits for all n, we can show
that the above inequality dimFp(Im(Resurp )) ⩽ 1 still holds even when the situation
(i) in Proposition 5.6 occurs.

Proposition 5.9. Suppose k = 2. If p ∤ D, f is ordinary at p, T/pnT splits as a
GQp-module for all n and ap(f) ≡ 1 (mod p), then we have dimFp(Im(Resurp )) ⩽ 1.

(Proof of Proposition 5.9)
When the situation (i) in Proposition 5.6 occurs, we know thatMGQp is 1-dimensional

over Fp from the proof of Proposition 5.6. Then we can see that AGQp ⊗ Fp is also
1-dimensional. In fact, since V does not contain a trivial representation of GQp , A

GQp

can not be p-divisible. While, AGQp does not contain any two linearly independent
elements over Zp by dimFpM

GQp = 1 and the same argument as in the proof of
Lemma 4.3. Hence, AGQp is isomorphic to Z/pmZ for some integer m which implies
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dimFp(A
GQp ⊗ Fp) = 1. Thus, we have dimFp(Im(Locp)) ⩽ dimFp(H

1
f (Qp,M)) =

1 + 1 = 2 from (5.4).
Note that in the situation (i), we assume p ∤ D and hence χD is trivial when

restricted to the inertia subgroup Ip. Thus, for every n ∈ Z⩾1, Ip acts on T/pnT via
the diagonal matrix (

ω
(n)
cyc(g) 0
0 1

)
since k = 2 and T/pnT splits as a GQp-module. Here, ω(n)

cyc denotes the mod pn

cyclotomic character. Therefore, we obtain (A[pn])Ip ∼= (T/pnT )Ip ∼= Z/pnZ and
AIp ⊗ Fp

∼= (Qp/Zp)⊗ Fp = 0. On the other hand, there is a commutative diagram

0 // AGQp ⊗ Fp
∼= Z/pZ

��

// H1
f (Qp,M)

ResQur
p /Qp

��
0 // AIp ⊗ Fp = 0 // H1(Qur

p ,M).

Thus, the restriction map ResQur
p /Qp is not injective and its kernel has at least dimen-

sion 1 over Fp. Since we have a decomposition Resurp = ResQur
p /Qp ◦ Locp, we get the

desired inequality dimFp(Im(Resurp )) ⩽ 2− 1 = 1. □

Remark 5.10. Let T be the integral p-adic Tate module of an elliptic curve E over
Qp and suppose E has complex multiplication over an extension of Qp. Then T/pnT
splits as a GQp-module for every n. Thus, the splitting condition in Proposition 5.9
holds for T . It is conjectured by Ghate that for an ordinary modular form f , T 0

f /p
n

splits as a GQp-module for all n if and only if f has complex multiplication. For
details, see [11] for example.

To summarize, we obtain the following proposition.

Proposition 5.11. We assume the following:
• If f is supersingular at p, then k ⩽ p+ 1 holds.
• If f is ordinary at p, then p − 1 ∤ k − 1 and neither of the conditions below

occur:

(When p ∤ D)
(i1) k > 2, M splits as a GQp-module, p− 1 divides one of k/2 and 1− k/2,

and ap(f) ≡ 1 (mod p).
(i2) k = 2, M splits as a GQp-module and T/pnT does not split for some n,

and ap(f) ≡ 1 (mod p).
(ii) M does not split as a GQp-module, p− 1 | k/2 and ap(f) ≡ 1 (mod p).
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(When D = p∗ := (−1)
p−1
2 p.)

(iii) M splits as a GQp-module, p − 1 divides one of k−p+1
2

and k+p−3
2

, and
ap(f) ≡ 1 (mod p).

(iv) M does not split as a GQp-module, p−1 | k−p+1
2

and ap(f) ≡ 1 (mod p).
Then we have an inequality dimFp(Im(Resurp )) ⩽ 1.

This completes the proof of Theorem 2.3 as we explained in Subsection 2.3.

6. Numerical examples of Theorem 2.3

We finally introduce some numerical examples of Theorem 2.3. To do this, we
consider the situations where the inequality

dimFp

(
XBK(Q, Af,D)[p]

)
⩾ 2(6.1)

holds. This inequality implies the condition dimFp(H
1
f (Q,Mf,D)) ⩾ 2 in Theorem

2.3 due to the existence of the surjection in (2.6). We know that the Fp-dimension of
XBK(Q, Af,D)[p] is even because we have the isomorphism (2.1) and the generalized
Cassels-Tate pairing for Af,D in [10]. Hence, the inequality (6.1) holds if and only
if XBK(Q, Af,D) is just non-trivial. We study when this occurs assuming Bloch and
Kato’s conjecture.

6.1. Ratios of central L-values. In the following, we assume N = 1. Recall that
we put z as a variable in the complex upper half plane and q := e2π

√
−1z. For

a quadratic discriminant D and a modular form f(z) =
∑
anq

n, we consider the
twisted L-function of f by the quadratic character χD

L(f, χD, s) :=
∞∑
n=1

χD(n)an
ns

.

We consider its central value L(f, χD, k/2). Suppose that L(f, χD, k/2) ̸= 0. Then
Bloch and Kato’s conjecture for f ⊗ χD predicts such a value in terms of arithmetic
invariants including the order of XBK(Q, Af,D). The conjecture implies an equality
of the p-adic valuations

vp

(
L(f, χD, k/2)

vol∞(χD, 1− k/2)

)
= vp

(
#XBK(Q, Af,D)

(#ΓQ(Af,D))2

)
.(6.2)

Here, vol∞(χD, 1−k/2) denotes a certain transcendental part of the value L(f, χD, k/2)
and ΓQ(Af,D) := H0(Q, Af,D). For the precise definition of vol∞(χD, 1−k/2), see [6,
Section2] for example. Note that the product of Tamagawa factors does not appear
above since we assume N = 1. Suppose f satisfies the conditions in Theorem 2.3.
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Then Mf,D = Af,D[p] is irreducible as a GQ-module which implies #ΓQ(Af,D) = 1.
Thus, (6.2) yields

vp

(
L(f, χD, k/2)

vol∞(χD, 1− k/2)

)
= vp

(
#XBK(Q, Af,D)

)
.(6.3)

For the transcendental factor vol∞(χD, 1− k/2), we have the following property.

Lemma 6.1 ([5], Lemma 6.1). For D > 0, we have vol∞(χD, 1−k/2) =
vol∞(1− k/2)√

D
.

Here vol∞(1 − k/2) denotes the transcendental part of the L-value L(f,1, k/2) for
the trivial character 1.

Suppose we have two positive quadratic discriminants D and D′ such that neither
L(f, χD, k/2) nor L(f, χD′ , k/2) vanishes. Then we can consider the ratio of these
L-values. Using Lemma 6.1 and (6.3) for D and D′, we have

vp

(√
D√
D′

· L(f, χD, k/2)

L(f, χD′ , k/2)

)
= vp

(
#XBK(Q, Af,D)

#XBK(Q, Af,D′)

)
.(6.4)

On the other hand, the twisted L-value L(f, χD, k/2) was studied by Kohnen
and Zagier in [15] in terms of Shimura’s theory of modular forms of half integral
weight. Shimura’s theory gives a correspondence between modular forms of half
integral weight and modular forms of even integral weight. We write Sk(SL2(Z))
as the space of cusp forms of even weight k on the full modular group SL2(Z) and
S k+1

2
(Γ0(4)) the space of cusp forms of weight k+1

2
on the congruence subgroup Γ0(4).

In [14], Kohnen defined a certain subspace S+
k+1
2

(Γ0(4)) of S k+1
2
(Γ0(4)) and showed

that Shimura’s correspondence induces an isomorphism

κ : S+
k+1
2

(Γ0(4))
∼−→ Sk(SL2(Z)).

In [15, Theorem 1], Kohnen and Zagier gave a formula of the value L(f, χD, k/2) for
f ∈ Sk(SL2(Z)) in terms of the |D|-th Fourier coefficient of κ−1(f).

Theorem (Kohnen-Zagier). Let f ∈ Sk(SL2(Z)) be a normalized Hecke eigenform
and g := κ−1(f) =

∑∞
n=1 cnq

n ∈ S+
k+1
2

(Γ0(4)) the inverse image of f under κ. Let D

be a quadratic discriminant with (−1)k/2D > 0. Then

c2|D|

⟨g, g⟩
=

(k/2− 1)!

πk/2
|D|(k−1)/2L(f, χD, k/2)

⟨f, f⟩
,

where ⟨·, ·⟩ denotes the Petersson inner product.
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Now, for example we put

f = ∆(z) :=
∞∑
n=1

τnq
n (q = e2πiz),

Ramanujan’s cusp form of weight k = 12 and level N = 1. We take two positive
quadratic discriminants D and D′ such that L(∆, χD, 6), L(∆, χD′ , 6) ̸= 0. Using the
theorem of Kohnen and Zagier, we obtain an equality

√
D√
D′

· L(∆, χD, 6)

L(∆, χD′ , 6)
=
c2D
c2D′

·
(
D′

D

)5

,

where cD, cD′ are the D-th and D′-th Fourier coefficients of κ−1(∆(z)) respectively.
From (6.4), we obtain an equality of p-adic valuations

vp

(
#XBK(Q, A∆,D)

#XBK(Q, A∆,D′)

)
= vp

(
c2D
c2D′

·
(
D′

D

)5
)
.(6.5)

Therefore, we can deduce XBK(Q, A∆,D) ̸= 0 under the Bloch-Kato conjecture for
∆ ⊗ χD and ∆ ⊗ χD′ if there exists a pair (D,D′) such that the right-hand side of
(6.5) is positive.

On the other hand, the main example in [15] provides a formula

κ−1(∆(z)) =
60

2πi
(2G4(4z)θ

′(z)−G′
4(4z)θ(z)) ,(6.6)

where G4(z) := 1
240

+
∑∞

n=1 σ3(n)q
n (σ3(n) :=

∑
0<d|n d

3), θ(z) := 1 + 2
∑∞

n=1 q
n2 .

Note that θ′(z) and G′
4(4z) denote the derivatives with respect to z. Thus, we can

compute the Fourier coefficients of κ−1(∆(z)) with (6.6) explicitly and hence the
right-hand side of (6.5).

6.2. Examples. In this subsection, we assume the Bloch-Kato conjecture and give
two application examples of Theorem 2.3.

Proposition 6.2. We set p = 11, f(z) = ∆(z), D = 77 and D′ = 33, and assume
the Bloch-Kato conjecture for ∆ ⊗ χ77 and ∆ ⊗ χ33. Then there exists a surjective
Gal(K∆,77/Q)-equivariant homomorphism from Cl(K∆,77)⊗ F11 to M∆,77.

(Proof of Proposition 6.2)
First, we check the conditions (A), (B), (C) and (D) in Theorem 2.3 hold for this

setting. Since N = 1, (A) and (D) are automatically satisfied. The prime number
p = 11 is a good ordinary prime of ∆(z), and D = 77 and D′ = 33 are proper
multiples of 11. Therefore, (B) holds. It is known that the image of ρ̄0∆ contains
SL2(Fp) except for the cases p = 2, 3, 5, 7, 23 and 691, hence (C) holds.
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Next, we show XBK(Q, A∆,77) ̸= 0 under the Bloch-Kato conjecture. By (6.6), we
compute the 11i-th Fourier coefficient of κ−1(∆(z)) =

∑∞
n=1 cnq

n for 2 ⩽ i ⩽ 7 as
follows:

i 11i c11i
2 22 0
3 33 −6480 = −24 · 34 · 5
4 44 −43680 = −25 · 3 · 5 · 7 · 13
5 55 0
6 66 0
7 77 110880 = 25 · 32 · 5 · 7 · 11

Thus, using (6.5), we obtain

v11

(
#XBK(Q, A∆,77)

#XBK(Q, A∆,33)

)
= v11

(
c277
c233

·
(
3

7

)5
)

= v11

(
1108802 · 35

64802 · 75

)
> 0.

Hence, XBK(Q, A∆,77) ≠ 0 which implies dimF11(X
BK(Q, A∆,77)[11]) ⩾ 2. Applying

Theorem 2.3, we can see that there exists a surjective Gal(K∆,77/Q)-equivariant
homomorphism Cl(K∆,77)⊗ F11 ↠M∆,77. □

Remark 6.3. We note that the representation M∆,77 in Proposition 6.2 comes from
an elliptic curve over Q. Put E as the modular curve X0(11) and fE =

∑∞
n=1 anq

n ∈
S2(Γ0(11)) the corresponding rational cusp form. For ∆(z) =

∑∞
n=1 τnq

n and fE,
we have the congruences of coefficients τn ≡ an (mod 11) which induces an isomor-
phism between Galois representations M0

∆ and E[11]. Thus, we have an isomorphism
M∆,77

∼= E77[11] ⊗ ω5
cyc where E77 denotes the quadratic twist of E by 77. We note

here that E77 has bad reduction at 11. Therefore, we can not treat this representa-
tion M∆,77

∼= E77[11] ⊗ ω5
cyc by the previous work of Prasad and Shekhar [21] since

their result deals with an elliptic curve and its good prime p.

Proposition 6.4. We set p = 67, f(z) = ∆(z), D = 2881 and D′ = 201, and assume
the Bloch-Kato conjecture for ∆⊗χ2881 and ∆⊗χ201. Then there exists a surjective
Gal(K∆,2881/Q)-equivariant homomorphism from Cl(K∆,2881)⊗ F67 to M∆,2881.

(Proof of Proposition 6.4)
First, we check the conditions (A), (B), (C) and (D) in Theorem 2.3 hold for

this setting. Since N = 1, (A) and (D) hold. The prime number p = 67 is a good
ordinary prime of ∆(z), and D = 2881 and D′ = 201 are proper multiples of 67.
Hence, we can see that (B) holds. As we noted in the proof of Proposition 6.2, the
condition (C) also holds.
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Next, we show XBK(Q, A∆,2881) ̸= 0 under the Bloch-Kato conjecture. For i ∈ Z
with 2 ⩽ i ⩽ 43, the 67i-th Fourier coefficient of κ−1(∆(z)) =

∑∞
n=1 cnq

n is computed
as follows:

i 67i c67i
2 134 0
3 201 −2686320 = −24 · 32 · 5 · 7 · 13 · 41
4 268 −4016160 = −25 · 32 · 5 · 2789
5 335 0
6 402 0
7 469 −32215680 = 27 · 32 · 5 · 7 · 17 · 47
8 536 24612000 = 25 · 3 · 53 · 7 · 293
9 603 0
10 670 0
11 737 52764720 = 24 · 3 · 5 · 109 · 2017
12 804 150433920 = 27 · 32 · 5 · 72 · 13 · 41
13 871 0
14 938 0
15 1005 380298240 = 210 · 34 · 5 · 7 · 131
16 1072 96387840 = 28 · 33 · 5 · 2789
17 1139 0
18 1206 0
19 1273 293666160 = 24 · 3 · 5 · 17 · 167 · 431
20 1340 −197892480 = −27 · 3 · 5 · 103069
21 1407 0
22 1474 0
23 1541 1340143920 = 24 · 33 · 5 · 620437
24 1608 122186880 = 27 · 34 · 5 · 2357
25 1675 0
26 1742 0
27 1809 −67695264 = −25 · 34 · 72 · 13 · 41
28 1876 −257725440 = −210 · 32 · 5 · 7 · 17 · 47
29 1943 0
30 2010 0
31 2077 −1106652480 = −26 · 3 · 5 · 1152763
32 2144 −590688000 = −28 · 32 · 53 · 7 · 293
33 2211 0
34 2278 0

Continued on next page
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Table 2 – Continued from previous page
i 67i c67i
35 2345 −743484000 = −25 · 3 · 53 · 7 · 53 · 167
36 2412 −36145440 = −25 · 34 · 5 · 2789
37 2479 0
38 2546 0
39 2613 −981246240 = −25 · 32 · 5 · 13 · 23 · 43 · 53
40 2680 3359129280 = 26 · 3 · 5 · 13 · 17 · 71 · 223
41 2747 0
42 2814 0
43 2881 −2622438960 = −24 · 3 · 5 · 67 · 71 · 2297

Using (6.5) for D = 2881 and D′ = 201, we obtain

v67

(
#XBK(Q, A∆,2881)

#XBK(Q, A∆,201)

)
= v67

(
c22881
c2201

·
(

3

43

)5
)

= v67

(
26224389602 · 35

26863202 · 435

)
> 0.

Thus, we have XBK(Q, A∆,2881) ̸= 0 to obtain dimF67(X
BK(Q, A∆,2881)[67]) ⩾ 2.

Hence, Theorem 2.3 implies the existence of a surjective Gal(K∆,2881/Q)-equivariant
homomorphism Cl(K∆,2881)⊗ F67 ↠M∆,2881. □

Moreover, we can show the following property for this example.

Proposition 6.5. The Galois representation M∆,2881 in Proposition 6.4 does not
come from any elliptic curve over Q. In other words, there does not exist any elliptic
curve E over Q such that

M∆,2881 ≃ E[67]⊗ ωi
cyc (0 ⩽ i ⩽ 65),

where ωcyc denotes the mod 67 cyclotomic character.

(Proof of Proposition 6.5)
It suffices to show that there does not exist any elliptic curve E over Q such that

M0
∆ ≃ E[67]⊗ ωi

cyc (0 ⩽ i ⩽ 65).

We assume the existence of such an elliptic curve E. Since ∆(z) is good ordinary
at 67, an element g in the inertia subgroup I67 at 67 acts on M0

∆ as(
ω11
cyc(g) ū(g)
0 1

)
,
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where ū(g) is as in (5.6). Putting F (M0
∆) as a field which corresponds to the kernel of

ρ̄0∆ |I67 , we can see that the semi-simplification (M0
∆)

ss ofM0
∆ as an F67[Gal(F (M0

∆)/Qur
67)]-

module is

F67(ω
11
cyc)⊕ F67.(6.7)

First, suppose E has good reduction at 67. Since M0
∆ is reducible when restricted

to GQ67 , E has good ordinary reduction at 67. Hence, g ∈ I67 acts on E[67]⊗ωi
cyc as(

ωcyc(g) v̄(g)
0 1

)
· ωi

cyc,

where v̄(g) ∈ F67. Then we have another description of (M0
∆)

ss as

F67(ω
i+1
cyc )⊕ F67(ω

i
cyc).(6.8)

However, (6.7) never coincides with (6.8) for any i. This is a contradiction.
Next, we suppose E has bad reduction at 67. When E has multiplicative re-

duction at 67, the theory of the Tate curve says that g ∈ I67 acts on E[67] via(
ωcyc(g) w̄(g)

0 1

)
, where w̄(g) ∈ F67. Hence, we get the same conclusion as in the

case E has good reduction at 67. When E has additive potentially multiplicative
reduction, it is known that E acquires split multiplicative reduction over a rami-
fied quadratic extension L over Qur

67. Thus, we can also treat this case as the good
reduction case, studying the semi-simplification of M0

∆ as an F67[Gal(L ·F (M0
∆)/L)]-

module.
Lastly, we assume that E has additive potentially good reduction at 67. It is a

well-known fact that E acquires good reduction over a totally ramified extension
L′ of degree 4 or 6 over Qur

67. See [16] for more details. Thus, we can deduce a
contradiction as the good reduction case, studying the semi-simplification of M0

∆ as
an F67[Gal(L′ · F (M0

∆)/L
′)]-module. □

Remark 6.6. In the above Examples 6.2 and 6.4, it seems difficult to compute
the ideal class groups Cl(K∆,77) and Cl(K∆,2881) without assuming the Bloch-Kato
conjecture. For example, it is difficult to calculate them by machine computation
since the extension degree [K∆,D : Q] is huge in general. In fact, the Galois group
Gal(K∆,D/Q) contains SL2(Fp) due to the assumption (C) in Theorem 2.3. Hence,
[K∆,D : Q] is greater than or equal to #SL2(Fp) = (p− 1)p(p+ 1).
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