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Abstract

In this paper, we determine completely the initial Fitting ideal of
the minus part of the ideal class group of an abelian number field over
Q up to the 2-component. This answers an open question of Mazur
and Wiles [11] up to the 2-component, and proves Conjecture 0.1 in
[8]. We also study Brumer’s conjecture and prove a stronger version
for a CM-field, assuming certain conditions, in particular on the Galois

group.

0 Introduction

0.1. The ideal class group of a cyclotomic field is one of the most classical
and important objects in number theory. For example, the class number has
been intensively studied since Kummer. But in many situations, we need
the action of the Galois group on the ideal class group. The study of the
Galois action also has a tradition going back to Kummer.

Let K = Q(un) denote the cyclotomic field obtained by adjoining the
N-th roots of unity for some integer N > 0, and let Clg be the ideal
class group. The most fundamental work on the Galois action on Clg was
done by Stickelberger after the earlier works by Gauss and Kummer. We
denote by u(K) the group of all roots of unity in K, and by Ann(u(K))
the annihilator ideal in Z[Gal(K/Q)] as a Z[Gal(K/Q)]-module. Let 0k be
the Stickelberger element (see §1 for the definition). Then Ann(u(K))0k is
in Z[Gal(K/Q)] and annihilates Clg, namely Ann(u(K))fx C Ann(Clg)
(cf. Stickelberger [15]). (This was proved by Kummer when N is a prime.)
Since the Stickelberger element is related to the values of L-functions, this
can be regarded as a relation between the analytic object and the algebraic
object, namely the class group.

Let K be an imaginary abelian field with [K : Q] < oco. In their cel-
ebrated paper [11], in which Mazur and Wiles proved the Iwasawa main



conjecture, they asked what the Fitting ideal of Cly is as a Z[Gal(K/Q)]-
module where Clj is the cokernel of Clg+ — Clg. In general, for a com-

mutative ring R and a finitely presented R-module M such that R™ R
R" — M — 0 is exact, the Fitting ideal (the initial Fitting ideal) of M
is defined to be the ideal of R generated by all n X n minors of the matrix
A which corresponds to f. We denote it by Fittg(M). By definition, we
always have Fittg(M) C Anng(M).

In this paper, we neglect the 2-primary components of the modules,
and always work over Z' = Z[1/2]. We put Rx = Z'[Gal(K/Q)], and
Clxy = Clg ®Z' which we regard as an Ri-module. Since 2 is invertible in
Ry, Rg is decomposed into Rg = R;r( @ Ry where Rli( denotes the part
on which the complex conjugation acts as £1. Any Rx-module M is also
decomposed into M = Mt @ M~. We are interested in the R -module
(Cl%)~ which is the same as Coker(Clg+ — Clg) ® Z. In [8], we defined
the Stickelberger ideal O C Rk (whose definition we will recall in §1),
which is constructed from Stickelberger elements of several abelian fields.
In this paper, we prove Conjecture 0.1 in [8], namely,

Theorem 0.1 For any imaginary abelian field K of finite degree over Q,
we have
FittRI_{((Cl’K)_) = 0.

Remark 0.2 (1) Stickelberger’s theorem implies that AnnR;(((Cl'K)*) D

©%. The above theorem gives the exact algebraic meaning of ©} (namely,
it is equal to the Fitting ideal which is smaller than the annihilator). In
this sense, Theorem 0.1 can be regarded as a refinement of the classical
Stickelberger’s theorem.

(2) Taking the limit of Theorem 0.1 with respect to the cyclotomic Z,-
extension and taking an odd character component, we recover the usual
main conjecture in Iwasawa theory. On the other hand, this theorem con-
tains more information than the usual main conjecture (because the main
conjecture gives only information on the character components), so this the-
orem is a refinement of the Iwasawa main conjecture. Namely, this theorem
gives a more refined relationship between the algebraic object (the left hand
side) and the analytic object (the right hand side). (We also mention that
in the proof of the theorem we use the main conjecture as an important in-
gredient, so our argument does not give a new proof of the main conjecture.)

(3) In some places in the literature, Ann(u(K))0x C Z[Gal(K/Q)] is called
the Stickelberger ideal for K. But Iwasawa and Sinnott thought this too
small and defined a larger Stickelberger ideal ©1° C Z[Gal(K/Q)]. They
proved that the index is expressed by using h = # Cl ([12], [13], [7]).



In particular, if K = Q(uxn), their theorem implies (Ré(uw) : (@{QS(MN) ®
Z)) = #(CYQ(NN))_ (cf. [12]). Our Stickelberger ideal @6( ) coincides

1N
with (@&MN) ® Z')~ if K = Q(pun), but not in general.

(4) For example, for a cyclotomic field K = Q(uy), we define our ©x by
Ok = ©% N Rk, using some Ri-module ©% in Q[Gal(K/Q)] (see §1). In
some places in the literature, Ann(pu(K))O% C Z[Gal(K/Q)] is used as the
Stickelberger ideal (because to treat the product is sometimes easier than
to treat the intersection), but this ideal is smaller than our ©x, and does
not fit well with the Fitting ideal.

(5) We will explain how one can obtain the information on the Galois action
on Clg in the simplest example. Suppose K = Q(us7). Then we can
compute Oq(ys,) = (9,040 —7,0-1+1) C Rq(us,) Where o; is the element in
Gal(Q(us7)/Q) such that o;(¢) = ¢" for ¢ € ps7. There is a unique maximal
ideal m = (3,040 — 1,01 + 1) of Rq(,,,) which contains Oq,,,). Since
040 — 7 is not in m?, Theorem 0.1 implies that FittR(S(usﬂ ((Clg(usn) ) € m2.

This shows that (Clb( us7)) 1S generated by one element (because if it was
generated by exactly n elements with n > 2, the Fitting ideal would be
generated by the determinants of n x n matrices with entries in m, so would
be in'm”). Hence, (Clg,,,))~ is isomorphic t.o Ry smy/ (9,020 = 7, /0,1 +1).
In this case, the class number of K = Q(us7) is 9, so Clg(us,) = (Clg

and we can determine the Galois action as follows;

CIQ(MW) ~ Z[Gal(Q(M57)/Q)]/<9,U4Q — 7, O_1 + 1).
Note that the information that ©q(.,,) C Anngg,  (Clg(s,)) (Stickel-

u57)) ’

berger) and (Ré(ﬂm) : ®Q(u57)) = # Clq(us;) (Iwasawa-Sinnott) does not
even determine the structure of Clg,,,) as an abelian group (namely, there
are still two possibilities Z/3 & Z/3 and Z/9). On the other hand, our iso-
morphism above, of course, implies that Clg,,,) is cyclic of order 9 as an
abelian group. (This can be also obtained easily from genus theory.)

(6) Theorem 0.1 was already proved in several special cases. For example,
for a prime p which does not divide [K : Q], the p-component of Theorem
0.1 is a theorem of Mazur and Wiles (Chap. I §10 in [11] Theorem 2). If
K = Q(ppn) for some prime p, Theorem 0.1 was proved by Greither in [3]
(for more, see [8] §0).

(7) Very roughly speaking, a key idea of the proof of Theorem 0.1 is to
consider many abelian number fields (subfields of K and abelian fields which
contain K') simultaneously.

(8) Theorem 0.1 implies the following beautiful result by D. Solomon (cf.
[14]), which is a generalization of the theorem of Mazur and Wiles we referred



to in (6). Let p be an odd prime number, and let ¢ : Gal(Q/Q) — Q; be
any odd Dirichlet character whose order could be divisible by p. We denote
by K the imaginary abelian field corresponding to Ker. We will define
the -quotient A}p( at the end of §4. We exclude special ¢ (see the end of
§4), and regard the generalized Bernoulli number By ;-1 as an element of
Oy = Zy[Image1)]. Then Theorem 0.1 immediately implies

#Ay = #0y/(Byy1)
which is a theorem of Solomon (see Corollary 4.3). For more information on

A}p( than the order, for example, concerning on the structure of A}p(, see [9]
and [10].

0.2. We can apply our method to a slightly more general setting, which
we will describe. Let p be an odd prime number, k£ a totally real number
field, and K/k a finite abelian extension such that K is a CM-field. The
Stickelberger element 0, is defined by

Oxie= Y C(0,0)07" € Q[Gal(K/k)

o€Gal(K/k)

where ((s,0) = Z(K_/k)
plicity, we suppose that a primitive p-th root of unity is not in K. Then
by Deligne and Ribet we know 0/, € Zp[Gal(K/k)]. We study the p-
component of Brumer’s conjecture, namely the problem of whether 0/,
kills the p-component Ax = Clg ®Z, of the ideal class group of K. More
precisely, we study a stronger version that considers whether 6/, is in the
Fitting ideal of Ax. Generally, the answer is no (see [6]). But for example,
Greither proved that the equivariant Tamagawa number conjecture implies
this property for the Pontryagin dual of Ag, at least in our setting (see
[5]). There are several cases where this stronger version holds for Ag itself.
For example, this holds if K/k is “nice” (cf. Greither [3]) and if we assume
there is “no trivial zero” in the p-adic L-functions and some extra conditions
(see Greither [4] §3 and Theorem 0.4 in [8]). It seems difficult to remove
the assumption on the trivial zeros, but in this paper, we give examples for
which the stronger version holds even if “trivial zeros” occur. Instead of the
non-existence of trivial zeros, we assume a strong condition on Gal(K/k).

We assume that there is a finite abelian extension K'/k such that K’ is
a CM-field, K C K’, K'/K is a p-extension which is unramified everywhere,
and K'/k satisfies the condition

(Ap) FK/ = P[l X ... X P[T

N(a)™* is the partial zeta function. For sim-

where I' is the Sylow p-subgroup of Gal(K’/k), [1,...,l, are all the ramifying
primes of k£ in K whose ramification indices are divisible by p, and B, is the
Sylow p-subgroup of the inertia group of [; in Gal(K'/k) (1 <i <r).



Theorem 0.3 We assume that K is contained in K' which satisfies the
above conditions, and p, ¢ K'. Moreover, we assume that for every prime
p of k above p, the ramification index of p in k/Q is odd, the p-invariant of
the cyclotomic Zy-extension Ko /K is zero, and all the primes p of k above
p are unramified in K. Then we have

Ok /i € Fittz, [qal(r/m) (AK)-
In particular, O/, Ax = 0.

Note that this theorem can be applied to the case where a prime above p
splits completely in K/k (the case where trivial zeros occur) if K is contained
in some good extension K'/k satisfying the above conditions. Moreover, we
will define the Stickelberger ideal O/, in §3, and will prove in §3 that
Fittz (caix k)~ (Agr) = @;(,/k ® Z,, (see Theorem 3.6). The fields which
satisfy the condition (A,) naturally appear in the theory of Euler systems,
and Theorem 0.3 has an application to the structure theorem in the style
of [9] for the class groups of CM-fields, which we hope to study in our
forthcoming paper.

In §4, we study the Fitting ideal for the m-th layer K/, of the cyclotomic
Z,-extension K /K’ with some m > 0, and prove the analogous result (see
Theorem 4.1).

The first named author would like to thank C. Greither and D. Solomon
for helpful discussions on Fitting ideals, and to thank J. Coates for his
inspiring comments when the author gave a “Kuwait Lecture” in 2000 in
Cambridge where he stated Theorem 0.1 as a conjecture.

Erratum The first-named author would like to give a correction concerning
the paper [8]. He is very grateful to D. Solomon for his question on Corollary
0.7 in [8].

Page 41 Corollary 0.7: The claim should be “Conjecture 0.1 is true for F' =
K, (the n-th layer of the cyclotomic Z,-extension)” instead of “Conjecture
0.1 is true for F' = K (u,n)”, in order to apply Theorems 0.5 and 0.6.

Notation

For a positive integer n, u, denotes the group of all n-th roots of unity. For
a group G and a G-module M, we denote by M the G-invariant part of
M (the maximal subgroup of M on which G acts trivially), and by Mg the
G-coinvariant of M (the maximal quotient of M on which G acts trivially).
For a prime number p, ord, : Q* — Z is the normalized additive valuation
such that ord,(p) = 1.



1 Stickelberger ideals

1.1. Notation. Let K'/Q be an abelian extension, and let K be a subfield
of K’ such that [K': K] < co. We denote by

iyt ZGal(K'/Q)] — Z[Gal(K/Q)]

the ring homomorphism induced by the restriction o — o) for any o €
Gal(K'/Q). The homomorphism of Z-modules

vieyx ¢ ZGal(K/Q)] — Z[Gal(K'/Q)]

is defined by o +— S (=0T for any o € Gal(K/Q). These notations will
be used for any group rings such as Q[Gal(K/Q)], Z,[Gal(K/Q)], etc.

1.2. Let K be an imaginary abelian field of finite degree over Q.
First of all, we recall the definition of the Stickelberger ideal of K/Q in
[8]. We define the Stickelberger element by

Ok =Y <0,0)07" € QGal(K/Q)]

ceGal(K/Q)

where ((s,0) = Z(w):g a™* is the partial zeta function. Namely, if the

conductor of K is N ,GHK is the image of

N 1 a

5~ )% € QGal(Q(un)/Q)]

(
a=1
(a,N)=1
where o, is the element of Gal(Q(un)/Q) such that 04(() = ¢* for any
C € pun.

Suppose that N is the conductor of K, and N = ¢{* - ... - (5" is the

prime decomposition of K (we take ej,...,e, > 0). We say K satisfies the
assumption (A) if

(A) Gal(K/Q) = Igl X ... X Igr

where Iy, is the inertia subgroup of ¢; in Gal(K/Q). A typical example is,
of course, K = Q(un). We first assume that K satisfies this condition (A).

In this paper, we neglect the 2-primary components of ideal class groups.
We put Z' = Z[1/2], and Rx = Z'[Gal(K/Q)]. Let F(K) be the set of
all intermediate fields of K/Q. We define an Ri-module ©% to be the
Rp-submodule of Q[Gal(K/Q)] generated by all vg,p(0F) for F' € F(K),

namely

O = {vr/r(r) | F € F(K)}) C Q[Gal(K/Q)].
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We need not use all subfields of K. We denote by D the set of all numbers
of the form d = ¢} - ... - £I'" where n; = 0 or e; for all i such that 1 <7 <.
For any d € D, we define K; to be the maximal subfield in K which is
unramified outside d over Q. If d = e S

i1 s

Gal(Kd/Q) = Igil X ... X Ig,

s

holds. Hence, K, is ramified at primes dividing d, and K/Kj is unramified
outside N/d and ramified at primes dividing N/d. The fields K ¢ty Kper
are linearly disjoint over Q, and their compositum is K. Suppose that
F € F(K), and F/Q is unramified outside d and ramified at primes dividing
d. By definition, F' is in Kgq. We know cg,/p(0k,) = 0 by Lemma 2.1 in
[8], so

VK/F(QF) = [Kd : F]I/K/Kd(eKd).

This shows that ©' is generated as an Rx-module by all vk k., (0x,)’s;

Ok = {vx/K,(0k,) | d € D}) C Q[Gal(K/Q)].

In the same way, we can easily check that our ©’ coincides with ©' /Q in
[8]. We define the Stickelberger ideal © to be

Ox :@/KQRK.

For any imaginary abelian extension K/Q of finite degree, we can take
K’ which satisfies the condition (A) and K’/K is unramified everywhere (K’
is unique for K; cf. Lemma 2.3 in [8]). We define ©x to be

O = CK’/K(G)K’) C Rg.

(In [8], ©k was denoted by O /q.)

1.3. Suppose that p is an odd prime number. We put Rk, = Rx ® Z, =
Z,[Gal(K/Q)]. In order to prove Theorem 0.1, it is enough to prove

Fitt (Clx)” ®Zy) =0k QR Z,
5P

for all odd primes p. In the following, we fix an odd prime number p, and
we will prove the above equality. We write Gal(K/Q) = Ag x ' where
#Af is prime to p and 'k is a p-group. Then Rg, is semi-local and is
decomposed as follows. The group ring Z,[A k] is semi-local, and isomorphic
to a product of discrete valuation rings. Let Ak be the group of 6; -valued
characters of Ag. We say two characters x; and x» are Qp-conjugate if



ox1 = X2 for some o € Gal(ﬁp /Qp). Using this equivalence relation on
Ak, we have Z,[Ax] = @D, Ox. and

Ricpp = Z,[Gal(K/Q)] = @) Oy [Tk]
X

where the sum is taken over the equivalence classes of Ag (we choose a
character x from each equivalence class), and O, = Zp[Image x| which is
the Z,[Ak]-module such that Ag acts via x (cf. [8] 1.4). Note that the
order of x is prime to p, so O, is a discrete valuation ring which is unramified
over Zi,.

For any Ry ,-module M, we denote by MX the O [I'x]-module M ®z (A ]
Oy = M @y, Ox[I'k]. We have decomposition M = P, MX. In the fol-
lowing, for the ideal class group we use the notation Ax = Clg ®Z,, and

AXK = Ak ®z, Ak O, = Ak ®Rk OX[FK]

which is an Oy [I'k]-module. We also consider (O ® Z,)X. By the above
decomposition of Rx p, Ag, and (O ® Zy), in order to prove Theorem 0.1,
it is enough to prove

Theorem 1.1 Let p be an odd prime number, and let x be an odd character
of Ax. Then we have

FittOX[FK}(A}(() = (Og® Zp)x.

1.4. In this subsection, we begin with the following lemma which is more
or less well-known.

Lemma 1.2 Let F, F' be CM-fields such that F C F' and F'/F is an
abelian extension. Then we have an exact sequence

(D 1.(F/F) ©2,)” — (Ap)ca/r) — Ap — 0

where v runs over all finite primes of F, and I,(F'/F) is the inertia group

of v in Gal(F'/F).

Proof. Let F” be the intermediate field such that F’/F” is a p-extension
and [F" : F| is prime to p. Since Gal(F'/F) = Gal(F'/F") x Gal(F"/F),
for a prime v of F', taking a prime wq of F” which is above v, we have

(@ Iw(F//F”))Gal(F”/F) = Iwo(F//F”) = Iv(F//F) ® Zp'

wlv



This implies (P Iw(F’/F”))éal(F,,/F) = (P 1,(F'/F)®Z,)~ (where w (resp.
v) runs over all finite primes of I (resp. F)). It is easy to see (Ap,)Gai(p/F) =
Ay, Therefore, in order to prove this lemma, we may assume F'/F is a p-
extension. Then this lemma follows from Proposition 5.2 in [8].

As in the definition of O g, suppose that K’/K is unramified everywhere.
By Lemma 1.2, the norm map induces an isomorphism (Ay,)gal(k’/K) =
Ay. Hence, for any odd character x € Ak, regarding it as a character
of Agr, we have i/ (Fitto, r,,1(A%/)) = Fitto, r,(A)). Therefore, in
order to prove Theorem 1.1, we may assume that K satisfies the condition
(A) in subsection 1.2.

In the rest of §1 and §2, we always assume that K satisfies the con-
dition (A). Since L(0,%) # 0 for any odd character ¢ of Gal(K/Q), the
1p-component of O ® Q does not vanish, and (0, ® Q)™ = (Rk ® Q)™ =
Q[Gal(K/Q)|~. Since Z,, is flat over Z’, we can easily check that

(@K ® Zp)7 = (@/K HRK)i ® Zp = ( /K ® Zp)i N RK,p

in Rgp, ® Q = Qp[Gal(K/Q)]. Therefore, taking the x-component we also
obtain

Lemma 1.3 We have (O ® Z,)X = (0 ® Z,)X N Oy ['k].

Suppose that K contains a primitive p-th root of unity, namely p, C K.
Let w : Ag — Z; be the Teichmiiller character, namely the character
giving the action on p,. We denote the image of 0k in (Q,[Gal(K/Q)])X =
Q,(Image x)[['k] by 05%. It is well-known that if x # w, 6% is in R;((,p =
Oy [I'k]. Hence we have (Og ® Z,)X = (0% ® Zp)X for x # w.

2 The w-component

In this section, we fix an odd prime number p, and work over Ry, =
Z,(Gal(K/Q)]. In this section, we will prove Theorem 1.1 for x = w. First
of all, we need the following lemma which is well-known (Washington [17],
Lemma 6.9 and its proof).

Lemma 2.1 For Q(upm) with m > 0, we put

I'={ae RQ(upm)vp | O‘QQ(upm) € RQ(upm)yp}'
Then we have I = Anngg, . (upm). (For an R-module M, Anng(M)
pm)s

means the annihilator of M.)



In this section, we assume that K satisfies the condition (A), and we
will use the same notation as in the previous section. We fix an odd prime
number p, and assume that p, C K. Hence p is ramified in K, and one of
l1,....4, is p. Therefore, p" with some m > 0 is in D. This also implies that
ppm C K, and Kpm = Q(ppm).

Lemma 2.2 Suppose that 8 € Ry satisfies Bvi/q(u,m)(0Q(um)) € Bk p-
Then there is an element o € Anngg,, . (ppm) such that
pm)s

BV Q(upm) (0Q(upm)) = Vi /Quym ) (Q0Qpim ) )-

Proof. Put ¢ = cx/qum) and v = vk/q(um)- Since ﬂV(@Q(MPm)) =
v(e(B)0Q(um))s c(B)0Q(uym) 15 in RQ(um)p Hence Lemma 2.1 implies
c(B) € Annpg, - (upm), and we can take o = c().

o)

We put Dy = {d € D | p does not divide d}, and D; = {d € D |
p divides d}. Suppose at first that d is in D;. Then p™ divides d by def-
inition. We define d’ = d/p™, which is prime to p by definition. For any

integer a, we write a = p™[ 55|+, where [5], rq € Z are integers satisfying

0<r, <p™ :
We have
O = caua/r, D (5= 300 ) = cauum,( D (5= —"5——)
a=1 a=1
(a,d)=1 (a,d)=1
d p™
1 1 a, 4 1 _
= <auamvauaey) — g 2 EE10 =5 3L @iy (a )
a=1 a=1
(a,d):l (a,p)—l
ed 1 d a ed o
= gvkg@l) —cquayrkay D 100 = TrkyQuem( Y a0
a=1 a=1
(a,d)=1 (a,p)=1

where eg = [Q(uq) : Ky4]. Therefore, we know
€d
Ok = VKa/Quim) 0Quu,m)) € Biap -

Put ¢y = eq/d'. Since
Q) : Q)] = [Qpar) : Q = TT( - 7).

¢q can be also written as

ca=([T0~ P)IKa: Q)]

o

10



Next, suppose that d € Dg. Then, since K; does not contain a primitive
p-th root of unity, Ok, is in Rk, ;.

Proposition 2.3 Ok ® Z, C Rg,, is generated by the following elements;
(i) vi/K,(0xk,) for all d € Dy,

(i) vi/r, Ok, — CdVKd/Q(upm)(aQ(upm))) for all d € Dy such that d # p™,
(iii) VK/Q(MPM)(QGQ(MW)) for a € AnnRprmm(upm).

Proof. We have already seen that the above elements are in Ry ,. We will
show that © is generated by these elements. Suppose that x is an element
of Of. By the definition of ©%, = can be written as x = Ygepaavi K, (0 ,)
with ag € Rk . We write

o= > aavki,Ok)+ D Qv OKs — Cavic Quum) (0Quuym)))
deDy deDi\{p™}

+apm + Z AdC)VE/Qpuym) (0Quym ) )-
deDi\{p™}

Since z is in Rk p, we know (apm + Zdepl\{pm} Oédcd)VK/Q(Mpm)(aQ(,upm)) €
R p. 1t follows from Lemma 2.2 that we can take o € Annpg, . (fpm)
pm)s

such that

(apm + D AaCd)VE/Qeuym) 0QUuym)) = Vi /Qaym) (O0Quym) )
deD\{pm)

This completes the proof.

Let Ko/K be the cyclotomic Zj-extension. In §3 of [8], we defined
the Stickelberger ideal Of_, which is an ideal of the completed group
ring Zp[[Gal(Kw/Q)]] (Ok,, was denoted by Ok_ /q in [8]). The defini-
tion is as follows. Let D; be as above. For any d € D;, we denote by
K400/ Kq4 the cyclotomic Z,-extension, and by Kg,, the n-th layer. The ele-
ment O, _ in the total quotient ring of Z,[[Gal(K4,.0/Q)]] is defined as the
“projective limit” of k, ; more precisely, 0k,  is the element satisfying
the property that (o — k(0))0k, . € Zp[[Gal(Ky00/Q)]] is the projective
limit of (00 — k(0))0k,,, € Zy[Gal(Kqgyn/Q)] for all o € Gal(Ky o /Q) where
k1 Gal(Kg/Q) — Z, is the cyclotomic character. We define ©_ to be
the Z,[[Gal(K/Q)]]-module in the total quotient ring of Z,[[Gal(K/Q)]]
generated by all vy /x, (0K, ) for d € Di. The ideal O, is defined by
Ox.. = O NZ,[[Gal(Ke / Q)]

We denote by K () the fixed subfield of K by I'x. Namely, K(4) is the
subfield such that Gal(K(a)/Q) = Ag. Let w be the Teichmiiller character.
We consider the w-component (O, )* which is an ideal of O, [[I'k_ ]] where
Ik, = Gal(Kw/K(a)), and O, = Zj, on which Ak acts via w.

11



Proposition 2.4 (1) Let ck/x : Ou[[Tk.]] — Ou[l'k] be the natural
restriction map. Then we have

Koo/ K(OK,)Y) = (Ok @ Zp)*.
(2) Fittow[pK}(A‘f() = (O ®Zy)~.

Proof. (1) By the definition of the Stickelberger ideals and Lemma 1.3, it is
clear that cx_ /x((Ok.,)") C (O ® Zy)~.

We prove the other inclusion. Suppose d is in Dy. Since p is ramified
in K/Kg, the image of Nga(x/k,) = ZaeGal(K/Kd)U in O,['k] is zero,
so the image of vk, (0k,) in Oy[['k] is zero. Hence by Proposition 2.3,
(O ® Zy,)“ is generated by the elements

Vic/Ka(OKq = CaVic,/QUuym) (0Q(upm)))”

where d € D1\{p"}, and VK/Q(Mpm)(agQ(upm))w with o € AnnRQ(upm)m(Mpm).
In the proof of Lemma 3.4 (2) in [8], we proved that

(2.4.1) OK 0o = CAVK 4 oo /Qupoe) (0Qupoe)) € Zpl[Gal(Ka 00/ Q)]]-

In fact, the constant cp € Z, for a CM-field F' is defined in the proof of
Lemma 3.4 (2) in [8]. Concerning cg, and cq(u,m), it follows from the
formula on page 53 line 27 in [8] that

exal Q) = ([0~ I Q)] = ca.

o

By the argument on page 53 line 31 in [8], this implies (2.4.1). Therefore,
we have

VK o/ Koo OK 00 = CaVEy o0 /QUupoe) (0Qupee))) € OKos

and
Vic/ka 0Ky = Cavica/Quuym) (0Q(uym))) € Cioo/i (OFc)-
In the same way, for any o € Gal(Q(up)/Q), the fact that (0—#(0))0Q ()

is in Z,[[Gal(Q(pp=)/Q)]] implies vi__ Q) (0= £(0))0Q(uy00)) € Ok
and

VE/Q(uym) (1Quym) — K(0))0Quym)) € CKoo/i(OKo)-

Since {o|q(u,m)— k(o) | o € Gal(Q(up=)/Q)} generates AnnRQ(upm),p('u'pm)’
we obtain (@K ® Zy)“ = ck.. /k((OKk,,)”) by Proposition 2.3.

(2) As usual, we define
Xk, =1lim Ak,

12



where Ay, = Clg, ®Z, for the n-th layer K,, of K /K, and the projective
limit is taken with respect to the norm maps. By [8] Corollary 0.10, we
know
Fittz, [cakw /@) Xk, ) = (Ok) ™

which implies Fitto, [, (X% ) = (Ok.)”. We denote by I,(Kw/K)
the inertia subgroup in Gal(K./K) of a prime v of K above p. Since p
is ramified in K, we have (B,, [v(Kw/K))* = 0. Therefore, the natural
homomorphism (X% _)qai(k../x) — A% is an isomorphism by Lemma 1.2.
Hence, by Proposition 2.4 (1) we obtain

Fitto,rg)(A%) = ckoo/x(Fitto,re (X&)
= cx o k((OK.)") = (Or ® Zp)~.

3 The case p is tamely ramified

In this section, we consider the Fitting ideals in a slightly more general
setting. We suppose that k is a totally real base field and K is a CM-field
such that K/k is finite and abelian. We suppose that p is an odd prime
number and study Ax = Clg ®Z, as a Z,[Gal(K/k)]-module. We use the
same notation as in subsection 1.3; in particular, we write Gal(K/k) =
Ak x ' where #A is prime to p and T'k is a p-group, and consider A%
which is an O, [I'x]-module for an odd character x of Ag.

Let K(a) be the subfield of K such that Gal(K)/k) = Ak. Suppose
that [1,...,[, are all the ramifying primes of k in K/K(A), and F;; is the inertia
group of a prime above [; in Gal(K/K)), namely the Sylow p-subgroup of
the inertia group of [; in Gal(K/k). We assume the following condition

(A,) i = Gal(K/K(p) = Py X ... X P,.

Clearly, if K/Q satisfies the condition (A) in §1, it satisfies (A,) for £ = Q.
In the same way as in the absolutely abelian case, the Stickelberger element
Ok /i is defined by

k=Y, €0,0)07" € QGal(K/k)]

oeGal(K/k)

where ((s,0) = Z(L/k):
fields F of K and the Stickelberger elements 05/, € Q[Gal(F/k)], we de-
fine @’K/k to be the Z'[Gal(K/k)]-submodule of Q[Gal(K/k)] generated
by all vg, p(0F) for intermediate fields F' of K/k, and define O/, =
@’K/k N Z'|Gal(K/k)].

We first introduce some results in [8], which will be used several times
later. We define @/Koo/k: in the total quotient ring of Z,[[Gal(K/k)]] to be

N(a)~*® is the partial zeta function. Using sub-
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the Z,[[Gal(K«/k)]]-module generated by all vi_ /g (0F, /i) for interme-
diate fields Fi, of Koo /koo (cf. the definition when k£ = Q in §2 before the
proof of Proposition 2.4), and define Ok_ ), = O Nz p[[Gal(Koo /k)]]
(ck. [8] 52, §3).

For any CM-field F' which is finite and abelian over k, we know by
Deligne and Ribet (cf. [1]) that Hx/k € Oy[I'r] for any odd character x of

Ap such that x # w (where w is the Teichmiiller character). We take an
odd character x of Ag such that x # w. By the above result of Deligne and
Ribet, we have (0% /k) = @K s and (@K/k ® Zp)X = (O /1 ® Zp)X. We
consider Xy, which is an O,[['k, ]]-module.

Theorem 3.1 ([8] Theorem 0.9) We assume that (Ap), x # w, every prime
p of k above p is tamely ramified in K, and the p-invariant of the cyclotomic
Z,-extension K /K is zero. Then we have

Fitto, (e ) (Xx.) = Ok i

The following lemma follows from Proposition 5.2 in [8].
Lemma 3.2 Suppose that x # w. Then the sequence

0 — (D L (Ko /KX — (X )aai(o /) — Al — 0

vlp

is exact, where v runs over all primes of K above p, and I,(K«/K) is the
inertia group of v in Gal(K/K).

Suppose that K satisfies the condition of Theorem 3.1. Moreover, we
assume x(P) # 1 for all primes p of k above p. This assumption implies
x(P) — 1 is a unit in O,, so we have

(ED 1 (Koo/ )X = Z,[Cal(K/k)/ Dy(K/k)]X = 0,
v|p

where Dy(K/k) is the decomposition group of p in Gal(K/k). Therefore,
(Do Lo(Koo/ K))* = Dy (D Lo(Koo/ K))* = 0, which implies that the

natural map
(X cal(ko k) — Ak

is an isomorphism by Lemma 3.2. On the other hand, it follows from Lemma
2.1 in [8] (Tate [16] p. 86) that CMOO/M(QM /k) (umt)@ﬁ/k_ in Oy [I"p] for
any subfield M of K under the same condition on . Therefore, we have

CKOO/K(@)I((OO/k) = @’I‘(/k. Hence, as a corollary of Theorem 3.1, we obtain
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Corollary 3.3 (cf. [8] Theorem 0.4) We assume the same conditions of
Theorem 3.1, and also assume that x(P) # 1 for all p of k above p. Then
we have

FittOX[FK](A}(() = (GK/]C & Zp)X'

Thus, the problem lies in the case of characters x such that x(p) = 1 for
some P above p. (In this case we say that the trivial zero occurs.)

Proposition 3.4 For every prime p of k above p, we assume that the ram-
ification index of P in k/Q is odd. Suppose also that K/k satisfies the
assumption (Ap), the p-invariant of the cyclotomic Z,-extension Koo /K is
zero, and all the primes P of k above p are unramified in K. Then, for any
odd character x of Ag such that x # w, we have

Fitto, r)(A%) C (Ok/k ® Zp)X.

Proof. This proposition can be proved by the same method as Theorem 0.6
in [8]. Since the proof is almost the same, we only give a sketch. We use the
same technique as Greither [3] and Wiles [19].

We fix a positive integer n. By our assumption on the ramification index
of p, a prime above p is ramified in K+ (pupn ) /KT Q(ppn )™, 50 KT (ppn ) / KT Qp1pn ) T
and KQ(upn )" /KT Q(ppn )™ are linearly disjoint. Therefore, using the Cheb-
otarev density theorem, we can choose a prime number r such that r splits
in Q(upn), 7 is inert in Q(y/p), r is unramified in K, and every prime above
r is inert in K/K™ (cf. Proposition 4.1 in Greither [3]; note that we do not
need the assumption of “niceness” when we choose such r). Therefore, r = 1
(mod p™), and the Frobenius ¢, of p in Gal(k, ,»/Q) generates Gal(k, ,»/Q),
where k,,» denotes the subfield of Q(u,) with degree p™. We define E to
be the compositum of K and k,,». Note that E also satisfies (A,). We use
the notation Ag, Xg, , I's, O/ etc. Since all the primes of k above p are
unramified in F, we have

P L.(Ex/E) ~ P Z,[Gal(E/K)]/(vp — 1)

vlp plp

where ¢y is the Frobenius of p. Using

Fittz, (Gai(e/m) (D Zp[Cal(E/k)]/(pp — 1)) = (JJ(vp - 1))

plp plp

and the exact sequence

0— (@ IU(EOO/E))X - (Xgoo)Gal(Eoo/E) — Afw —0
vlp

15



which is obtained from Lemma 3.2, we have
(J(ep = 1) Fitto r,,(AY) C Fitto, r, (X5 )Gal(Bu/E))-
plp

By our assumption that all the primes of k£ above p are unramified in F, for
any intermediate field F' of E/k we have

cr/F(Or. k) = (H(l - <Pp_1))9F/k-
plp

Therefore, we have

CEOO/E(@)éoo/k) - (H(‘Pp —1))(Op/, @ Zp)X.

plp
Using Theorem 3.1 and the above two inclusions, we obtain
(JJ(er = V) Fitto, i, (A%) € (JJ(#p — 1))(Opr © Zp)X.
plp plp

Let fp be the residue degree of p in k/Q. We denote by f the maximum
of all ordy(fy) for p above p. We take n and M sufficiently large such

that n — M > f + ord,(# Gal(K/k)). Put v = fo()_laipn_M where o is a
generator of Gal(E/K) = Gal(k,,n/Q). We then have

([Tep — D) Fitto, rp/0) A%/ (1)) € ([ [ (s = 1)(Op ® Zp)* mod (v),

plp plp

but the image of the element (][, (¢p—1)) is not a zero divisor in Oy [['g]/(v).
Hence we have

Fitto, 0,1/ (A5/ (V) C (Op/, ® Zy)* mod (v).

(
Since every prime above r is inert in K/K ™, we have x(t) # 1 for any prime
v of k above r. Therefore, the above 1nclu81on implies (cf. [8] page 68)

FittOX[FKVpM (A);(/p ) C (GK/k & Zp)X mod p
This holds for any M, so we obtain the conclusion.
We apply Proposition 3.4 to the following two theorems.

Theorem 3.5 Suppose that K/Q is an abelian extension satisfying the con-
dition (A). We assume that p is tamely ramified in K. Then

Fittp- () = 0; ©Z,

holds.
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Proof. We will first prove the inclusion Fitt Ry (Ax) C ©x ®Z,. To prove
P
this inclusion, it suffices to prove Fitt Ry (Ag)X C (O ® Zy)X for all odd
P
characters x of Ag.

Let x be an odd character of Ag. We denote by K, (resp. K(a),) the
fixed subfield of K (resp. K(a)) by Kerx C Ak. Hence Gal(K,/K(a)y) =
'k and Gal(K(a),/Q) = Imagey. Since [K : K,] is prime to p, the
norm map induces an isomorphism A} = AXKX. Hence Fitt Ry (Ag)X =

sP
FittOX[FK](Aﬁx). On the other hand, since [K : K, ]| is prime to p, we have
ek, (O ® Zp)X) = (Ok, ® Zy)X by the usual norm argument. This
means that (Ox ® Z,)X = (O, ® Z,)X in O, [['k]. Hence, in order to prove
Fitt RR,p(A%) C ©x ®Zy, it suffices to prove Fitto, p, (A ) C (Ok, ®Zy)X
for all odd y.

Suppose at first that p is unramified in KA, /Q. By our assumption of
the tameness, p is also unramified in K. So we can apply Proposition 3.4
(note that y = 0 by [2]) to obtain Fitto, (A% ) C (Ok, ® Zy)X.

Next, suppose that p is ramified in KA, /Q. If x # w, we have x(p) = 0,
s0 obtain Fittox[pK](Aﬁx) = (O, ® Zy)X by Corollary 3.3. For x = w,
Proposition 2.4 (2) says that the same equality holds.

Therefore, for any odd character x of Ax we have got Fitto [ (Aﬁx) -
(Ok, ® Zy)X. This completes the proof of FittRI—{ (Ag) COx ®Zy.

sP
On the other hand, by Lemma 6.3 in [8] we have (Rj , : Fitt - (Ay)) <
B K,p
#Aj. Since we know (Ry 1 O @ Zp) = # Ay by Sinnott’s theorem ([13]
Theorems 2.1 and 5.4), we obtain

Fittp (Ag) = Ok @ Zp.

Theorem 3.6 We assume the same conditions as Proposition 3.4, and also
that a primitive p-th root of unity is not in K. We put Rk, = Zp[Gal(K/k)].
Then we have

Fittp (Ag) = Ok, © Zy.

5P
Proof. Proposition 3.4 implies FittR;{,p(Al_() C O/, © Zyp. Since (R,
FittR;( (Ay)) < #Aj can be proved by the same method as Lemma 6.3 in
P

[8], as in the proof of Theorem 3.5, it is enough to prove
(Rip : Oy © Zp) = #Ax.

This equality can be proved by the same method as Sinnott [12]. It is easy to
check that Sinnott’s argument works if we assume the condition (A). Now,
we are assuming (A,), and only interested in the p-component Ay, so the
same argument as Sinnott’s works, as we will explain next.
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For any group H, we denote by Ny = > __; 0 the norm of H in group
algebras. For an intermediate field M of K/k, we define Rj; to be the set
of all the ramifying primes of k in M, Hy = Gal(K/M), and

= Ny, H (1—¢ er[Gal(K/k)}

where I is the inertia group of [ in Gal(K/k), and ¢y is the Frobenius of [
in Gal(K/k). We also define U to be the Rx ,-submodule in Q,[Gal(K/k)]
generated by all u(M)’s where M runs over all intermediate fields of K/k.

Lemma 3.7 ([12] Proposition 2.2) U is a free Z,-submodule in Q,[Gal(K/k)]
of rank [K : kJ.

Proof. Since U is a finitely generated free Z,-module, it suffices to show
U® Qp = Qp[Gal(K/k)]. For a character ¢ : Gal(K/k) — Q , we write
the induced ring homomorphism Q,[Gal(K/k)] — Qp(Image 1) by the
same letter 1. In order to obtain U ® Q, = Q,[Gal(K/k)], it suffices to
show (U) # 0 for all characters . Let K, be the fixed field by Ker in
K, then we have

¢(N1r)
#1

Pu(Ey)) = [K: Ky] J[ (0= ).

[ERKw

In the above product, all ¢(Ny,)’s are zero since I; ¢ H, for any [ € Rk,
Therefore, ¢(u(Ky)) does not vanish for any character . Q.E.D.

Put
w = Z L(0,9 ey € Q[Gal(K/k)]

where 9 runs over all characters of Gal(K/k) and ey is the idempotent
associated to ¢. (It is well-known that w € Q[Gal(K/k)] (cf. Tate [16]
Chap. IV).)

Lemma 3.8 We have O, @ Z), = @’K/k RZ,=wU.

Proof. The first equality follows from our assumption that p, ¢ K. For the

second equality, it is enough to show that for any intermediate field M in
K/k,

1 N1 [

vicon (Oarse) = wNgy, [ (1= ¢ il

(€R ad

M

)
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holds. Let ¢ be any character of Gal(K/k). It is easy to show that if v is
odd and Kery D Hjs, then the image of the both sides under v are

(K :MILO,y") [ @ =vleh),

[ERM \Rkw

and otherwise are zero. Q.E.D.

Recall that O/, ® Qp = (Ok/x ® Qp)~ = Qp[Gal(K/k)]~. Therefore,
it follows from Lemmas 3.7 and 3.8 that U™ and wU ™ are free Z,-modules
of rank [K : k] in Qp[Gal(K/k)]~. So we can define (Rg, : UT) and
(U~ : wU™) as in Sinnott [12] §1; namely if L and L' are free Z,[Gal(K/k)] -
modules of rank $[K : k] contained in Qp[Gal(K/k)]” and T: L — L' is a
surjective linear translation, (L : L') is defined by

(L: L) = pordo(detT),
By Lemma 3.8, we obtain
(R p: (Ok/k @2Zp)") = (Rg, : U )(U™ :wlU™).
We will successively determine the indices (Ry ,: U™) and (U™ : wU™).
Lemma 3.9 ([12] (3) in page 118) (U™ : wU ™) = #A}.

Proof. Let T, be the linear translation on Qp[Gal(K/k)]~ defined by
Tyw(z) = wz. From the facts that T}, is extended to the linear translation
on Q,[Gal(K/k)]™, {ey}yodd is a basis of Q,[Gal(K/k)]~, and Ty (ey) =
L(0,77 ey, we have

h
det T}, H L(0 = (2-power) &
iodd WK

by the class number formula, where hy; = # Coker(Clg+ — Clg) is the
relative class number of K and wyg is the number of roots of unity in K.
Lemma 3.9 follows from our assumption that p is odd and p, ¢ K. Q.E.D.

Lemma 3.10 (cf. [13] Theorem 5.4) (Ry,: U™) = 1.

Proof. For an odd character x of A, we consider the y-component UX. To
prove Lemma 3.10, it is enough to prove (RX : UX) =1 for any odd char-
acter x of Ax. We first describe UX in a dlfferent way from the definition,
using the condition (A,).
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We decompose the inertia group I; of a ramifying prime [ in Gal(K/k)
into Iy = Ay x P, where Ay C Ag and P; C I'x. The character x induces
the ring homomorphism Ry ), = Z,[Gal(K/k)] — Oy [I'k] which we write
by the same letter x. We define an R§(7p-module VX(1) C (Rkp ® Q)X by

N
_ X -1\ VR X
VX(1) = Np R, + (1 — x(¢; )#P[> Ry, -

Recall that T'x = P, x --- x P, and P, # 1 for all ¢ € {1,...,r}. Define
Xy={ulie{l,...,r}, A, C Kerx}.
We will prove

(3.10.1) v =[] v¥) .
[€Xy

This can be proved by the same method as Proposition 5.1 in [12]. The
generators of the right hand side have the form

. Np,
v = A [e)lf—[\s <1 () #Z)

where Pg = [[,cg 4 and S runs over all subsets of X,. Suppose that M
is an intermediate field of K/k. We write Hy = Gal(K/M) = A(K/M) x
P(K/M) where A(K/M) C Ag and P(K/M) C T'x. We take S = {[ €
XX ’ [gRM}a and

T ={1€ Ru | #Iis prime to p and A; C Ker x}.
Then we have

x(]] <1—¢[1i—}‘[>) = 11 <1—x(<p[1)$2[>

[ERM, A[CKGI’X

= T (1-xehgp ) TIa- e

[€X,\S (€T

The first equality follows from the fact that if A; ¢ Ker x then x(Ny,) = 0.
The second equality follows from {I € Ry | A C Kerx} = (X \ S)UT.
Since P(K/M) O Ps, Np(k /) is a multiple of Npg. Therefore, x(u(M)) is
a multiple of the above v(S). This shows that UX C H[eXX VX(1).

Conversely, if S is a subset of X, we take the subfield M of K fixed by
the subgroup Kerx x Pg of Gal(K/k). In this case, the above T' is empty
and P(K/M) = Ps. So we have

V(M) = #(Ker )Np, ] (1 - x(so[ﬁ—j;;) — #(Ker x)o(S) .

[€X,\S
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Since #(Ker x) is invertible in R}‘(p, v(S) is a multiple of x(u(M)). This
implies the other inclusion. Thus, we have proved (3.10.1).

Changing the subscripts of [;’s, we may write X, = {[1,...,l¢}. For
je{l,...,t}, we put

wx=T]vw) -

i=1
We know WX = UX by (3.10.1). Hence we have

t
(R, UN) =[[wWx,:wX)
j=1

where we are using the convention that Wy = R . Therefore, in order to
prove Lemma 3.10, it is enough to prove

(3.10.2) (WX, W) =1

for all j such that 1 < j <t¢. We will prove (3.10.2). Let K, (resp. Ka)y)
be the fixed subfield by Ker x C A in K (resp. K(a)). Now, we are dealing
with the extension K, /K(a), whose Galois group is I'x and which satisfies
(A), so the same method as Sinnott §5 in [12] can be applied.

Put ¢; = Np, /#P;;. We will prove

(3.10.3) (1 — ej)W]X = (1 — ej)WX

1 and (WJX)P[j = (WJXA)P[]' .

From two exact sequences

1—e;

0— (W]X)Pfj — WX = (1— )WY —0

P;. 1—e;

0— (ij—l) Vo ij—l —J) (1 - ej)WjX—l - O’
it is clear that (3.10.3) implies (3.10.2). Hence our goal is to prove (3.10.3).
Since (1 — e;)Np, = 0, we have (1 —¢;)VX(l;) = (1 — ej) Ry, There-
fore, we have (1 — ;)W = (1 — ¢;)W},. Next, we will prove the sec-

j
ond equality in (3.10.3). By definition, W is generated by N, P, WX | and

Np, .
(1- X(cpal) #;[[f )W]?il. Therefore, we have
J

(WjX)P[j = NP[j ijfl + (1 - X(cp[_jl))(ijfl)P[j .

By the completely same method as Sinnott [12] Proposition 5.2, we can show
that WY | is a free Oy[P;]-module, which implies N P, Wy, = (WJX_I)P[J'.
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Thus, we have (WJX)P‘J' = (WJX_I)P‘J , and we have obtained (3.10.3). This
completes the proof of Lemma 3.10 and of Theorem 3.6. Q.E.D.

Proof of Theorem 0.3: Since we assumed p = 0 for K /K and K'/K is
a p-extension, we have u = 0 for K/ /K’. So we can apply Theorem 3.6
for K’ to obtain g/, € FittRK,p(AK/) (note that the plus part of O/
is zero). Since K'/K is unramified, (Aj/)cai(k’/K) > Ay is bijective and
cir/k (Oki /) = Ok ;- Therefore, we obtain Oy, € Fittg, (Ax). Q.E.D.

4 The case p is wildly ramified

We use the same notation as in the previous section. In this section, we
assume that p is inert in k. Suppose that L/k is a finite abelian extension
satisfying the condition (A,) in §3. We also assume that the prime p = (p)
of k is tamely ramified in L/k. We consider the cyclotomic Z,-extension
Lo /L, and take the m-th layer L,, with some m > 0. Though this might
cause slight confusion, we take K = L, in this section. Namely, K is the
intermediate field of Lo /L such that [K : L] = p™. The cyclotomic Z,-
extension of K is also denoted by Ko, S0 Koo = Lo. We use the notation
AK, FK, AL, FL as in §3 Therefore, AK = AL and FK = FL X Gal(K/L)
We note that K/k also satisfies the condition (A,). In fact, if m > 0, we
know
'k =F x P, x...x P,

where p, [1,...,[; are all the ramifying primes of k in K/Kx). We define
O/, by the same method as in §3.

Theorem 4.1 Assume that p is inert in k, and p = (p) is tamely ramified
in L. Suppose that L/k satisfies the assumption (A,), and the p-invariant of
the cyclotomic Z,-extension L /L is zero. Consider the m-th layer K = Ly,
for some m > 0. Then, for any odd character x of Ax which is different
from the Teichmiiller character w, we have

FittOX[FK](A)]C() = (GK/k & Zp)x.

Proof. We define K, (resp. L) to be the fixed subfield of Ker x C Ax = Ap,
in K (resp. L). Note that L, /k also satisfies (A,), and that A% — Ak
and (O, ® Zp)X = (Ok, ik ® Zp)* in Oy[['k] as we saw in the proof of
Theorem 3.5. Hence we may assume K = K, and L = L,. Namely, we may
assume Kay/k is cyclic and x : Ax — Q; is faithful.

If x(p) # 1, the same argument as the proof of Corollary 3.3 (the stan-
dard descent method) implies Theorem 4.1. Thus, we may assume x(p) = 1,
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so p is unramified in L. Suppose that ¢y is the Frobenius of p in Gal(L/k).
Since p splits completely in L), ¢p is in T'z. We put IV = T' /(pp) where
(pp) is the subgroup generated by ¢p. We put I'y, = Gal(K/K) and
'y = Gal(K«/L). By Lemma 3.2, we have a commutative diagram of exact
sequences of O, [I'k|-modules

0 — (B L(Koc/E)Y % (XX Jp, 2% AL — 0

I ERN

0 — @upl(Ko/DX 2% (X% Jry 2 AL — 0

where v runs over all primes of K, above p, I,(Ko/K) (resp. I,(Koo/L))
is the inertia group of v in Gal(K/K) (resp. Gal(K« /L)), p1 and pa are
natural maps, and p3 is the norm map.

As Oy['k]-modules, both (D, Lv(Keo/K))X and (D, Lv(Koo/L))*
are isomorphic to Oy[I'r]/(¢p — 1) =~ O,[I']. We take a generator u of
(Do Lo(Koo/L))X and define & = fo(u). We also take €,..., €, € (X _)ry
such that go(€2),..., go(€) generate A} as an O,[I'z]-module. Next, we take
eq,....e, € X}C(oo such that €; = €; mod I'y (1 < < n). Nakayama’s lemma
implies that ey,...,e, generate Xy . Put A = O,[[Gal(Ky/K(a))]]. We
consider an exact sequence of A-modules

A TN X 0,

using the generators eq,...,e,. We denote by B = (b;;)1<i<n,1<j<s the n x s
matrix corresponding to ® (we regard the elements of A® and A™ as column
vectors).

We denote by eq,...,e, the images of eq,...,e, in (X;goo)rm. Put

N = Naai(r/1) = Zocgai(k/L)0 € Ox['k]

(so N =1 if m =0, namely if K = L). We will show that Ne; generates
Image fp,. Since p is tamely ramified in L, every prime v above P is totally
ramified in K, /L. In the above commutative diagram, p; is the natural
inclusion map. Hence, when we regard (B, Iv(Koo/K))X as a subgroup of
(D Lo(Koo/L))X, p™u generates (D, Ln(Koo/K))X. Let ig/p, : Af —
A% be the natural homomorphism. Since

gm(Ner) = Ngm(e1) = ig/r(90(@1)) = ix/L(0) =0,

Nejy is in the kernel of g,,, and hence in the image of f,,. Since the image
of fn, is isomorphic to Oy [I'], we can write Ne; = afp(p™u) for some
a € O,[I"]. Taking the image of py of both sides, we have

m . —

p2(Nep) = p™er = pa(afm(p™u)) = p"afo(u) = p"a .
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Since the image of fy is a free O, [I"]-module generated by €;, this implies
that o = 1. Hence, Ne; generates Image f,, as an O, [I'k]-module.

We denote by B = (b;;) € M,s(Oy[I'r]) the matrix which is the image
of B € M,s(A), namely b;; = b;; mod I'y,. From the upper exact sequence
of the commutative diagram, we know that the n x (s 4+ 1) matrix

N

B

corresponds to the Oy[I'kx]-module A%. Namely, if ® : O,[[x]*T! —
Oy [I'k]™ is the homomorphism corresponding to A, the cokernel of @’ is
isomorphic to A%.

We define an (n — 1) x s matrix C' by C = (b;j)2<i<n.1<j<s, and C by
6 = (Eij)Qgign,lgjgs where Eij = bij mod Gal(K/L) For any matrix M with
entries in a commutative ring R, we will temporarily denote by F( (M) the
ideal of R generated by all n x n minors of M. Then we have

Fitto,ry)(A%) = FO)(A) = NFO-D(C) + FO)(B)

(4.1.1) = v (FD(C)) + FM(B).

Put E == (Eij)lgign,lgjgs (Where Eij = bij mod Fo) Since the matrix

1

0

. B

0
is a relation matrix of the O, [I'z]-module A} by the lower exact sequence
of the above commutative diagram, C' is also a relation matrix of A¥. This
implies

F"=(C) = Fitto,r,)(A}).

Note that 1, ¢ L because we are studying the case where p = (p) is unram-
ified in L. Hence we can apply Theorem 3.6 to L/k, and obtain

(4.1.2) F=O(C) = (0,1, ® Zy)X.

By Theorem 3.1, we have @XKw/k = Fitta (XY_) = F"(B). Therefore, we
obtain

(4.1.3) FU(B) = cx/ic(O%_i)-

Thus, it follows from (4.1.1), (4.1.2), (4.1.3) that

(4.1.4) Fitto r)(A%) = vr/L(Opk ® Zp)X) + CKOO/K(G}(%/;C)-
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If m = 0 (namely if K = L), we have obtained the conclusion, so we may
assume m # 0. By the argument of subsection 1.2, we can show that
(O k ® Zp)X is generated by all VK/M(HJ)\‘/I/k)’s where M runs over fixed
subfields of K by subgroups of I'x of the form P, x P, x .. x P, and
P, x .. x B, for some s. Note that (O ® Zy)X = (@’K/k ® Zp)X since
X # w. If M is the fixed subfield of P, x B, x..x P, , Mis a subfield of
L. Hence Z/K/M(Qj)f/[/k) is in vg /(O ® Zp)X). If M is the fixed subfield

of P, X ..x P, VK/M(OJ)\(/I/k) is in CKOO/K(@}((OO/k)' Therefore, we have

(415) i@ @ Zp)) + ey (O_ ) = Orcsp © Zy)X.
Combining (4.1.4) and (4.1.5), we obtain

Fitto, ) (Ax) = (O @ Zp)*.

Corollary 4.2 We assume the same conditions as in Theorem 4.1, and also
that no primitive p-th root of unity is in K. Then we have

Fitt g (Ax) = O, ® Zp.

sP
Proof. We know Fitto r,1(A%) = (Ox/k ®Zy)X for any odd character x of
A because p, is not in K. This implies the conclusion. Q.E.D.

Proof of Theorem 1.1: We may assume that K satisfies the condition (A).
If p is tamely ramified in K, Theorem 3.5 implies the conclusion, so we may
assume that p is wildly ramified in K. Let P, be the Sylow p-subgroup of
the inertia subgroup of p in Gal(K/Q), and let L be the fixed subfield of P,
in K. Then K is an intermediate field of the cyclotomic Z,-extension L /L,
and (K, L) satisfies all the assumptions of Theorem 4.1 (note that y = 0
by [2]). Therefore, we obtain the conclusion by Theorem 4.1 for y # w. If
X = w, the conclusion was already proved in Proposition 2.4 (2). Q.E.D.

As we mentioned in §1, Theorem 1.1 implies Theorem 0.1, so we have
also proved Theorem 0.1.

We finally prove the following Corollary 4.3. Let p be an odd prime
number, and let 1 : Gal(Q/Q) — 6; be any odd Dirichlet character.
(Note that p may divide the order of 1.) Let K be the imaginary abelian
field corresponding to Ker. We extend % to a ring homomorphism ¢ :
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Z,[Gal(K/Q)] — Q,, and put Oy = Z,[Gal(K/Q)]/(Kerv), which we
identify with Zp[Image]. We define the ¥-quotient of Ax by

A% = AK ®RK,p Ow.

If K = Q(upm) for some m > 0 and 9jp, = w, we know A}/’( = 0. We
exclude this case, and assume that if K = Q(up=) for some m > 0 then

Yiag # w.

Corollary 4.3 (D. Solomon [14]) Let By -1 be the generalized Bernoulli
number which we regard as an element in Oy = Zp[Imagep]. Then we have

#AY = #0y /(B y1).

Precisely speaking, Solomon proved in [14] the above statement for the
W-part Ag (1)) which is defined by

A () ={r € Ak | ax =0 for all a € Kery) C Z,[Gal(K/Q)]}

though we prove it for the ¥-quotient A}p(. Since K/Q is a cyclic extension,
it is easy to check that #Ax () = #Alf(.

Proof of Corollary 4.3. First of all, we have By ;-1 € Oy = Zpy[Image ]
by our assumption that i, # w in the case K = Q(uym). We extend
¥ to a ring homomorphism ¢ : Q,[Gal(K/Q)] — Q,. Let K’ be the
abelian field satisfying (A) such that K'/K is unramified everywhere as in
§1. For a subfield I of K', if K ¢ F, we have ¢(cg//x (v /p(0F))) = 0.
If K CF, Y(ckr x(Vigryrp(0r))) is a multiple of ¢(0k). Therefore, we have
H(OK ©Z,) C (b(0x)).

We will show the other inclusion. If p, ¢ K’, we know g € O @ Z,,.
If p, C K', let N be the conductor of K and ord,(N) = m. Suppose at
first N # p™. Since p, C K’ and ord,(N) = m, we know p,m» C K’
Since N # p™, we also have K’ D Q(u,m). We use the notation of §2. By
Proposition 2.3, we have

O = envirjQUuym) (0Q(um)) € Okr @ Zyp.
Since CK'/K(QK') = 0k and ¢(CK'/K(VK//Q(Mpm)(QQ(upm)))) =0, ¢(fk) is in
Y(Og ® Zy). If N = p™, our assumption p, C K’ implies K/ = Q(ppm).
Since Y|p, # w by our assumption, putting x = 9ja,, we know 0% €

(O ® Zy)X. This implies ¥(0x) € Y(Or ® Z,). In any case, we have

() € Y(Ok ® Zy).
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Therefore, we have (O ® Z,) = (Y (0k)). It is well-known (for example,
[17] Theorem 4.2) that ¢(0x) = —Bj 4-1. Hence, it follows from Theorem
0.1 that

Fitto, (A}) = ((0k)) = (Bry—1)-

Since Oy, is a discrete valuation ring, this is equivalent to #Aw = #0y/(Byy-1).

References

[1] Deligne, P. and Ribet, K., Values of abelian L-functions at negative
integers over totally real fields, Invent. math. 59 (1980), 227-286.

[2] Ferrero B. and Washington L., The Iwasawa invariant p, vanishes for
abelian number fields, Ann. of Math. 109 (1979), 377-395.

[3] Greither C., Some cases of Brumer’s conjecture for abelian CM exten-
sions of totally real fields, Math. Zeitschrift 233 (2000), 515-534.

[4] Greither C., Arithmetic annihilators and Stark-type conjectures,
Stark’s conjectures: Recent Work and New Directions, Contemporary
Math. 358 (2004), 55-78.

[5] Greither C., Determining Fitting ideals of minus class groups via
the equivariant Tamagawa number conjecture, Compositio Math. 143
(2007), 1399-1426.

[6] Greither C. and Kurihara M., Stickelberger elements, Fitting ideals of
class groups of CM fields, and dualisation, Math. Zeitschrift 260 (2008),
905-930.

[7] Kimura, T., Algebraic class number formulae for cyclotomic fields (in
Japanese), Sophia Kokyuroku in Math. 22, 1985.

[8] Kurihara, M., Iwasawa theory and Fitting ideals, J. reine angew. Math.
561 (2003), 39-86.

[9] Kurihara, M., On the structure of ideal class groups of CM-fields, Doc-
umenta Mathematica, Extra Volume Kato (2003), 539-563.

[10] Kurihara, M., Refined Iwasawa theory and Kolyvagin systems of Gauss
sum type, preprint (2008).

[11] Mazur, B. and Wiles, A., Class fields of abelian extensions of Q, Invent.
math. 76 (1984), 179-330.

27



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Sinnott, W., On the Stickelberger ideal and the circular units of a
cyclotomic field, Ann. of Math. 108 (1978), 107-134.

Sinnott, W., On the Stickelberger ideal and the circular units of an
abelian field, Invent. math. 62 (1980), 181-234.

Solomon, D., On the classgroups of imaginary abelian fields, Ann. Inst.
Fourier, Grenoble 40-3 (1990), 467-492.

Stickelberger, L., Uber eine Verallgemeinerung der Kreistheilung, Math.
Annalen 37 (1890), 321-367.

Tate J., Les conjectures de Stark sur les Fonctions L d’Artin en s = 0,
Progress in Math. 47, Birkhauser 1984.

Washington, L., Introduction to cyclotomic fields, Graduate Texts in
Math. 83, Springer-Verlag, 1982.

Wiles, A., The Iwasawa conjecture for totally real fields, Ann. of Math.
131 (1990), 493-540.

Wiles, A., On a conjecture of Brumer, Ann. of Math. 131 (1990), 555-
965.

Masato KURIHARA and Takashi MIURA
Department of Mathematics,

Keio University,

3-14-1 Hiyoshi, Kohoku-ku,

Yokohama, 223-8522, Japan
kurihara@math.keio.ac. jp
t-miura@math.keio.ac. jp

28



