On stronger versions of Brumer’s conjecture
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Abstract. Let k be a totally real number field and L a CM-field such that
L/E is finite and abelian. In this paper, we study a stronger version of
Brumer’s conjecture that the Stickelberger element times the annihilator of
the group of roots of unity in L is in the Fitting ideal of the ideal class group
of L, and also study the dual version. We mainly study the Teichmiiller
character component, and determine the Fitting ideal in a certain case. We
will see that these stronger versions hold in a certain case. It is known that
the stronger version (SB) does not hold in general. We will prove in this
paper that the dual version (DSB) does not hold in general, either.

0 Introduction

0.1. In number theory, it is very important to know the Galois action
on the ideal class group of a number field. Concerning the Galois action,
an interesting phenomenon is the annihilation of the class group by some
analytic element whose origin is the zeta functions in some Galois group
ring. Let k be a totally real number field, and L be a CM-field such that
L/E is finite and abelian. We fix an odd prime number p and consider the
p-component Ay, of the ideal class group Cly, of L. Put Ry, = Z,[Gal(L/k)],
and regard Ay as an Rp-module.

Let ppeo (L) be the group of roots of unity with order a power of p in L,
and I, = Anng, (ppe~ (L)) the annihilator ideal of pi,e- (L) in Rz,. We denote
by 0/ € Q[Gal(L/k)] the Stickelberger element, which is defined by the
values of partial zeta functions (see §2.1). Then by Deligne and Ribet [3] we
know 1,01, C Ry. Brumer’s conjecture claims that 11,07/, C Anng, (Az).
We consider the following property (SB) which is stronger than this;

(SB) ILHL/k: C Fittg, (ArL)



where Fittg, (Ar) is the Fitting ideal of Ay, (see §2.2). Since Fittg, (Ar) C
Annpg, (Ar), (SB) is certainly stronger than Brumer’s conjecture. The main
result in the paper [12] by Miura and the author implies that (SB) holds if
k = Q. In the paper [7] by Greither and the author, we showed that (SB)
does not hold in general, and the dual version is more natural and likely
to hold. Let (Ar)Y be the Pontryagin dual of Ay with cogredient Galois
action, namely (of)(x) = f(oz) for 0 € Gal(L/k), f € (A)Y and = € A.
Then the dual version means

(DSB) 10y C Fittg, ((AL)Y).

Our explicit example in [7] §3.2 does not satisfy (SB), but satisfies (DSB).
In [6], Greither proved a beautiful theorem that the equivariant Tamagawa
number conjecture implies (DSB) if fu,0 (L) is cohomologically trivial. Con-
cerning the exposition of Brumer’s conjecture and the Fitting ideals, see
Greither [4].

In this paper, we prove the existence of number fields for which nei-
ther (DSB) nor (SB) holds (see Corollary 0.5). (Under the assumptions of
Corollary 0.5, pp~ (L) is not cohomologically trivial.)

We study the Iwasawa theoretic version of (DSB). Let L be as above and
L /L be the cyclotomic Z,-extension. We define

Ap,, =lim Ay,

where L,, is the intermediate field such that [L, : L] = p" for n > 0. Put
AL =Z,[[Gal(Ls/k)]]. We study the Pontryagin dual (A )Y which is a
finitely generated torsion Az -module. We define I1,,, = Annp,_ (p1p(Loo)) C
Ar.,. By Deligne and Ribet [3], there is a unique element 0y, _ /. in the total
quotient ring of Az, which is the “projective limit” of 6, /. (more precisely,
see §2.1).

We study the Iwasawa theoretic version

(IDSB) IOk CFitta, ((Ar.)Y)

of (DSB). Theorem A.5 in [11] implies that (IDSB) holds outside the Te-
ichmiiller character component if we assume the Leopoldt conjecture and
the vanishing of the Iwasawa p-invariant of L. In particular, if u, ¢ L
where p, is the group of p-th roots of unity, (IDSB) is true under the above
assumptions. In this paper, we mainly study the case p, C L.

We assume that L N ko, = k where k4 is the cyclotomic Zj,-extension
of k. We denote by I'(L/k) the p-component of Gal(L/k), so Gal(L/k) =
I'(L/k) x A for some abelian group A with p J#A.

Suppose at first that I'(L/k) ~ Z/pZ. If T'(L/k) is cyclic, by Theo-
rem 3, Proposition 4 in Greither [5] and Corollary A. 13 in [7], we know



that (IDSB) holds, assuming the vanishing of the p-invariant. Moreover,
Fitta, ((AL.)Y) is determined outside the component of the Teichmiiller
character by Theorem 3 in Greither [5] and Corollary A. 13 in [7]. In this
paper, we determine the Teichmiiller character component of the Fitting
ideal in the case that I'(L/k) ~ Z/pZ.

Suppose that p, C L. We denote by K the subfield of L such that
I'(L/k) = Gal(L/K), so [K : k] is prime to p. Let w be the Teichmiiller
character giving the action of Gal(K/k) on p,. Since [K : k] is prime to
p, Ar.. is decomposed into Ay = @X A’LCOo where y runs over all equiva-

lence classes of Q; -valued characters of Gal(K/k) (see §1.2). In particular,
we know that determining Fitta, ((Ar.)") is equivalent to determining
Fittx ((A7_)Y) for all characters x of Gal(K/k) (for the definition of the

x-components Afm, A%m, see §1.2). For any odd character x such that
X # w, we know Fitty ((A7_)Y) is determined (see (2.3.2)). We study the
w-component. To do this, we may assume K = k(u,) (see §2.2).

We take a generator v of Gal(Ls /L) = Gal(Ky/K). We denote the
cyclotomic character by « : Gal(Loo/k) — Z,;. The cyclotomic character
of Gal(K/k) is also denoted by k. Suppose that Gal(Ls /K ) is generated
by o. Then I is generated by v — k(y) and ¢ — 1. In the following,
we suppose that Lo/k is a finite abelian p-extension (so Lg is also totally
real) and L = Lo(pp). We will state our theorems without explaining all
notations.

Theorem 0.1 Suppose that Ly/k is a cyclic extension of degree p with LoN
koo = k. We put L = Lo(pp), and assume that the Iwasawa p-invariant of
Loo/L vanishes, namely u((Ap.)Y) = 0. We denote by S the set of primes
of k which are prime to p and which are ramified in L.
(1) Suppose at first that S is not empty. Then we have

. Y 1 v — K(7) w
1 w A = VNW——— VN———————— .
Fittay ((AZ.)") (IEES(IUI(L (1 _H(W)@Pl)))(l, (1 _H(m)@l_l))?%w/k)

les

Here, the right hand side is defined in (2.3.8); v is the map defined in §2.1,
1 is the Frobenius of [ in Gal(K/k), and ¥ /i, is a modified Stickelberger
element of Greither, which is defined in (2.3.4), and which is described by
using 01, /i, and Oy (see (2.3.7)). In this case, we have

(2) Suppose that S = ¢, namely L/k is unramified outside p. Then we have

Fittay ((A7.)") = (Irobr.1)"-



We define the standard Iwasawa module X,__ by
X, =lim A,

where the limit is taken with respect to the norm maps. We consider the
following property

(ISB) ILooeLoo/k CFlttALoo(XLoo)

In general, (ISB) does not hold (see [7] Theorem 1.1 and also §3.3). Suppose
that L/k is as in Theorem 0.1. Then we encounter a phenomenon that
(IDSB) holds, but (ISB) does not. We will explain in §3.3 that X;__ is not
isomorphic to (Ar.. )" as a Z,[I'(L/k)]-module, in general (see (3.3.1) and
(3.3.2)).

0.2. We summarize here some affirmative results for (SB) and (DSB). As
we mentioned above, if we assume the p-invariant of Lo,/L vanishes and
I'(L/k) is cyclic, (IDSB) holds by Theorem 3, Proposition 4 in Greither [5]
and Corollary A. 13 in [7].

By the standard descent technique, we obtain the following results.

Corollary 0.2 Suppose that L/k is a finite abelian extension such that
I'(L/k) is cyclic and LN Ko = K. We assume that the Twasawa pi-invariant
of Lo/ L is zero.

(1) Suppose that n is sufficiently large such that all the primes above p of
k are ramified in the n-th layer L, of the cyclotomic Z,-extension Lo /L.
Then (DSB) holds for Ly /k.

(2) For any prime P of k above p, we assume at least one of the following;

(i) no prime above ¥ splits in L)L, or

(ii) p is ramified in L.

Then both (DB) and (DSB) hold for L/k.

This corollary will be proved in §3.4.

0.3. Next, we consider the case that I'(L/k) is not cyclic, and will obtain
negative results for (IDSB) and (DSB). As in Theorem 0.1, we study the
w-component.

Theorem 0.3 Suppose that Ly/k is a finite abelian p-extension such that
Lo Nko =k and Gal(Lg/k) is not cyclic. We put L = Lo(pp), and assume
that L/k is unramified outside p. Then we have

(v = k(1))0r. 1 € Fitta, _((AL..)").
In particular, (IDSB) does not hold, namely



Remark 0.4 (1) There are many examples of (k, L) satisfying the con-
ditions of Theorem 0.3. For example, if dimg, Ay /pA; > 2, there is an
unramified extension Ly /k with non-cyclic Galois group of order a power of
p, so L = Lo(pp) satisfies the condition. (We give an explicit example in
Example 0.6 such that Lo/k is ramified.)

(2) In the setting of Theorems 0.1 and 0.3, pp= (L) is not cohomologically
trivial because I'(L/k) = Gal(Lo/k) acts on pyee (L) trivially, which implies
AOT(L/E), pyee (L)) £ 0.

(3) If k = Q, there is no Ly as in Theorem 0.1 (2) or Theorem 0.3. In fact,
if LN Qoo = Q and Ly/Q is a finite abelian p-extension which is unramified
outside p, we have Ly = Q.

Corollary 0.5 (1) Let Lo/k be a finite abelian p-extension which is unram-
ified outside p such that Ly N ke = k and Gal(Lo/k) is not cyclic. Then,
for sufficiently large n, (DSB) does not hold for Lo(pyn)/k.

(2) Suppose that Lg is as above. We denote by P, the set of primes of
koo above p, and assume that

#{P € Py 1. | B splits completely in k(ppe) and ramified in Lo(pp=)} > 2.
Then, for sufficiently large n, neither (SB) nor (DSB) holds for Lo(ym)/k.
We will prove Theorems 0.1, 0.3 and Corollary 0.5 in §3.

Example 0.6 Let I be the minimal splitting field of 23 — 392 — 16 = 0.
We know /79 € Fy and F;/Q(v/79) is unramified everywhere. Let Fy
be the minimal splitting field of 23 — 62 — 3 = 0. We know V69 € F,
and F5/Q(V/69) is unramified outside 3 and ramified at the prime above
3. Let F5 o /F» be the cyclotomic Zs-extension. Since the class number of
Q(V/69) is 1, the prime above 3 is totally ramified in Fy . /Q(v/69). We
put £ = Q(+v/69,v/79) and take p = 3. There are two primes Py, Po of k
above 3, and both of them are totally ramified in k.. We denote by B
(resp. P2) the prime of ko above Py (resp. P2). Since p; and Py split in
k(us) = k(v/=3) = k(v/=23), P1 and Pa split in koo (u3). Put Lo = [y Fy.
So Gal(Lo/k) ~ Z/3Z & Z/3Z. Since p; and Py are totally ramified in
F5 ook /E, B1 and Po are totally ramified in Fh ok/koo. Thus, Lo/k satisfies
all the conditions of Corollary 0.5. Therefore, neither (SB) nor (DSB) holds
for L = Lo(ppn) with n > 0. We can construct many examples in this way.

The author would like to thank heartily C. Greither for the discussion on
the subjects in this paper, and for his useful comments by which the author



could improve Theorem 0.3. (In the first draft, only the case I'(L/k) =
Z/pZ & Z/pZ was studied in Theorem 0.3.)

Notation

Throughout this paper, we fix an odd prime number p. For any number
field F', we denote by Ap the p-component of the ideal class group of F.
The cyclotomic Z,-extension of I is denoted by Fi, and we define Ap =
lim Ap, where F, is the n-th layer of F,/F for n > 0. We denote by Pp

the set of all finite primes of I, and by P, r the subset of Pr consisting of
primes above p. We define Py, = Pp \ P, p. For a group G and a G-module
M, we denote by M@ the G-invariant part of M (the maximal subgroup
of M on which G acts trivially), and by Mg the G-coinvariant of M (the
maximal quotient of M on which G acts trivially).

1 Computation of some Tate cohomology groups

1.1. In this section we suppose that k is a totally real base field, and K
and L are CM-fields such that £ C K C L and that L/k is a finite abelian
extension. We assume that L/K is a p-extension.

Put G = Gal(L/K). In this section we study the p-component Aj,
of the ideal class group of L, especially the minus part A; on which the
complex conjugation acts as —1. Throughout this paper, for any module M
on which the complex conjugation p acts, we define the minus part M~ by
M~ ={x € M | p(x) = —z}. We compute the Tate cohomology groups
H9(G,A; )= H9G,AL,)” (cf. Serre [15] Chap. 8).

By Lemma 5.1 (2) in [10], we have an exact sequence

HY(G,EL)” — HG, [[ Er,)” — H '(G,AL)”

’LUGPL
— HY(G,E)” — HYG, [] Er,)” — HG,AL)”
we Py,
— H*(G,Er)” — H*G, [[ Ev.)”
we Py,

where Ep (resp. Er,) is the unit group of L (resp. of the local field L,,),
and Py, is the set of all finite primes of L as in Notation. For each prime
v € Pg, we denote by G, the decomposition subgroup of G at v. We know
HYG, Tl yep, Br,) = @yep, HY(Gy,EL,) where in the right hand side
we fix a prime w of L above v for v € P (note that HI(G,, Ep,) = 0
if v is unramified in L). More concretely, we have H%(G,, Er,) = I, by
local class field theory where I, is the inertia subgroup of G at v. Since



HY(G,,L}) = 0, from the exact sequence 0 — Ej, — LY — Z — 0
we have H'(G,,Ep,) = Z/e,Z where e, is the ramification index of v in
L/K, and H*(G,, Er,) C Br(K,)[p>°] where Br(K,)[p™] is the subgroup of
the Brauer group of K, consisting of elements with order a power of p.

Consider the cyclotomic Z,-extensions K /K, Lo /L, and the n-th lay-
ers K, L,. We assume that L N K., = K. By the above descriptions, we
have

lim P HG., EL,,) = lim &P H* (G EL,,)=0.
vE€PK, vePk,

Suppose that w1 is a prime of L,,+1 and wy,, vp4+1, v, are the primes of L,
Kpt1, K, below wy, 41, respectively. Then the natural map H'(G,,,, Fr,, ) =
Z/e,, Z — Hl(Gvn+1,ELwn+l) = Z/ey, , Z is the multiplication by e, ,
which is the ramification index of w,, in L,4+1/L,. Each prime above p is
totally ramified in L, /L, for sufficiently large n, and a prime v which is
not above p is unramified in Ly, /L. It follows that

lim P H'(GwE,,) = P Z/eZ

vEPK,, UEPII(oo

where P;(OQ denotes the set of all finite primes of K, which are prime to
p (as in Notation), and e, is the ramification index of v in L /K. We
define Ay = lim Ay as in Notation, and Ey_ = lim Fj, . Taking the

direct limit of the above exact sequence, we obtain the following lemma.
Lemma 1.1 We have an exact sequence

0 — H YG,AL,)” — H'G,EL,)” — ( P Z/e,Z)”
UGP;{OO

— HY(G,AL_ )~ — H*(G,E;_)~ — 0.

1.2. Now, we assume that [K : k] is prime to p. Hence I'(L/k) = G
in the terminology of §0. The group ring Z,[Gal(K/k)] is a product of
discrete valuation rings. More explicitly, it is described as follows. For
two Q; -valued characters x; and y2 of Gal(K/k), we say x; and xo are

Q,-conjugate if ox; = x2 for some o € Gal(ﬁp/ Q). For a Q; -valued
character x of Gal(K/k), we put Oy = Zpy[Imagex]. We regard O, as a
Z,|Gal(K/k)] module by o - & = x(0)z for any o € Gal(K/k). We have

(1.2.1) o[Gal(K/k)] @O

where the sum is taken over the equivalence classes of Q; -valued characters
of Gal(K/k) (we choose a character y from each equivalence class).



For any Z,[Gal(K/k)]-module M, we define MX = M ®z_Gai(x/k)] Ox-
Note that MX is a direct summand of M because (1.2.1) implies M =
@D, Mx. We put Ak, = Z,[[Gal(Kx/k)]| and Ap,, = Zp[[Gal(Leo/k)]].
Since Gal(K/k) is a direct summand of Gal(Ls/k), any Ap__-module M is
naturally a Z,[Gal(K/k)]-module and MX is defined. For such M, MX can
be written as MX = M Xz, [Gal(K/k)] Oy =M AL, OX[[Gal(LOO/K)]] In
the same way, for a Ak -module M, MX = M ®gz_[cai(k/k)] Ox = M @ng,
O, [[Gal(Ko /K]

When K contains a primitive p-th root of unity, we denote by w the
Teichmiiller character which gives the action on p,,.

Proposition 1.2 (1) Suppose that x is an odd character such that x # w.
Then we have

NG, AL ) =0 and H(G,AY )=( P Z/e,T)X.
vEP;(oo

(2) Suppose that K = k(pp) and [L : K| = p. Let P}, be the set of all finite
primes of k which are prime to p as in Notation, and put

S ={1€ P/ |1 is ramified in L/k}.
If S is not empty, we have

NG, A7) =0 and ﬁO(G,Af ) = Coker(pp, — GB L)
LGSkOQ

where p, 1s the group of p-th roots of unity, the map is the diagonal map,
and Sk 1is the set of primes of ko which are above S.

(3) Next, we assume K = k(u,) and L/K is a (general abelian) p-extension
which is unramified outside p (namely, the set S defined above is empty).
Then we have

G, A% ) ~GY(1) and HY(G,AY_ /\G

where GV, (N> G)Y are the Pontryagin duals of G, \* G (the second exterior
power of G), and (1) is the Tate twist. In particular, HO(G, A7 ) =0if
and only if G is cyclic.

Proof. First of all, since Gal(K/k) acts on G trivially, we have HY(G, M)X =
H1(G, MX) for any x and any Az, -module M.

(1) Since x # w, we know (Fr_ )X = 0. This implies that H4(G, E_ )X =
HY(G,(EL,)X) = 0. Therefore, Lemma 1.1 implies the conclusion of (1).



(2) Since p, C K, we know (Er_ ) = ppe = Qp/Zy(1). Therefore, using
G = Z/pZ, we have H'(G,E;_ ) = H'(G,Q,/Z,(1)) = p, and

H*(G,Ep..)* = H*(G,Q,/Zp)(1) = H(G,Q,/Zy)(1) = 0.

Suppose that [ is in S. Since [ is unramified in K = k(u,), [ € S implies
that the inertia group of [ in Gal(L/k) is of order divisible by p. Hence
N(1) = 1 (mod p) where N([) is the norm of [. This implies that [ splits
completely in K = k(). Let £ be a prime of ko, above [, and let v be a
prime of K, above £. Then v is ramified in Ly and [Le : K] = p, SO v
is totally ramified in L. Hence G = G, (where G, is the decomposition
group of G at v). Since [ splits completely in K, £ splits completely in Ko,
and we have

(P H (G, Qp/Zp(1)” = (EP 1) = -

v|L v|L

It follows that (GBUGPI'(OQ Hl(GU,ELOQ71U))“’ = @Leskm Lp-

Therefore, the natural map H'(G, B )* — (@vepkoo HYG,,Er. )~
is the diagonal map u, — @i Sy M- In particular, it is injective be-
cause S # ¢. Thus, by Lemma 1.1 we obtain ﬁfl(G,Afoo) = 0, and
ﬁO(G,Afw) = Coker(pp, — @Leskoo p)-

(3) In this case, since GBUGPI/{ Z/e,Z = 0, using Lemma 1.1, we have

H (G, A7) = H'(G,EL..)* = H'(G,Qp/Z,(1)) = G"(1)
and
H(G,AY ) = H*(G, EL.,)* = H*(G,Qy/Zy)(1).

Therefore, the next lemma implies the conclusion. This completes the proof
of Proposition 1.2.

Lemma 1.3 Suppose that G is an abelian p-group. Then H*(G,Qyp/Zy) is
isomorphic to Hom(/\2 G,Qp/Z,). In particular, if G is not cyclic, we have

H%*(G,Q,/Z,) # 0.

Proof. In fact, by the duality Proposition 7.1 in Chap. VI in [1] (or the
universal coefficient sequence (cf. page 60 in Chap. III in [1])), we have

H*(G,Q,/Z,) ~ Hom(H>(G, Z),Q,/Zy).

Since G is abelian, we know Hy(G,Z) = A? G (Theorem 6.4 (iii) in Chap.
V in [1]). This completes the proof of Lemma 1.3.



2 Stickelberger elements and Fitting ideals

2.1. Let k be a totally real number field and L be a CM-field such that L/k
is finite and abelian. The Stickelberger element 6y is defined by

O= >, €(0,0)07" € Q[Gal(L/k)]

oe€Gal(L/k)

where ((s,0) = Z(Lz/ik) , IV(a)™* is the partial zeta function (a runs over
integral ideals which are prime to the discriminant of L/k).

Let Loo/L be the cyclotomic Z,-extension and Az = Z,[[Gal(Loo/k)]].
We denote by x : Gal(Loo/k) — Z, the cyclotomic character. By Deligne
and Ribet ([3]), we know that there is a unique element 6;_ /; in the to-
tal quotient ring of Aj_ satisfying the following property. For any o €
Gal(Leo/k), (0 — K(0))0r /i is in Ar,, and is a projective limit of (o —
k()0 /i € Zp[Gal(Ly,/k)] for n > 0. We denote by

(2.1.1) E:ApL, — AL,

the ring homomorphism induced by &(0) = k(o)o for all o € Gal(Ls/k).
Clearly, & is bijective. We extend & to the total quotient ring of Ay__ . Then
k(0L /) is a pseudo-measure in the sense of Serre ([16]), and is the p-adic
L-function of Deligne and Ribet.

Suppose that K is the intermediate field of L/k such that L/K is a
p-extension and [K : k] is prime to p. Put Ak, = Zp[[Gal(K/k)]] and
G = Gal(L/K). We assume that LNk, = k. Then we have A;,_ = Ak [G].
We regard Ap__ as a Ax_-module by this identification. We will use two
maps ¢ and v. The ring homomorphism

c: A, — Ak,

is defined by the restriction o +— o for 0 € Gal(Ly/k). The Ag,-
homomorphism
v:Ag, — Ap,

is defined by o — X7, where for o € Gal(K /k), T runs over all elements
in Gal(Lso/k) such that ¢(7) = 0. We have

(2.1.2) v(z)y =v(zc(y)) forall x € Ax andy e Ar__.
This implies
(2.1.3) v(z)v(y) =v(ze(v(y))) = [L: Klv(zy) forall x,y € Ak .

Let Q(Ar_.) (resp. Q(Ak_..)) be the total quotient ring of Ay__ (resp. Ax_).
We naturally extend ¢ to the ring homomorphism ¢: Q(Ar_ ) — Q(Ax.,).
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We can extend v to the A -homomorphism v : Q(Ak, ) — Q(AL. ) such
that v(c(z)) = Xyeqox for x € Q(AL_).
We set

S = {1 € P} | is unramified in K, and [ is ramified in L}.

We have

(2.1.4) O ) = ([T = 1)k n
les

where @] = (ﬁ) is the Frobenius of [ in Gal(K/k) (Lemma 2.1 in [10]).

2.2. For a commutative ring R and a finitely presented R-module M such

that R™ iR R" — M — 0 is exact, the Fitting ideal of M is defined
to be the ideal of R generated by all n X n minors of the matrix A; which
corresponds to f. This ideal does not depend on the choice of the exact
sequence. We denote it by Fittg(M). We obtain Fittgr(M) C Anng(M)
from the definition.

We consider X7, = (Ar,)" and the minus part X, . As we men-
tioned in §1.2, we have decomposition X = @X X foo where x runs over

the equivalence classes of Q; -valued characters of Gal(K/k). From X, =
D .oaq X7, knowing Fitty, (X} )is equivalent to knowing Fittyy (X))
for all odd characters xy. We regard Ker x C Gal(K/k) as a subgroup of
Gal(L/k) and denote by L, (resp. K,) the subfield of L (resp. K) such
that Gal(L/L,) = Kerx (resp. Gal(K/K,) = Kerx). Since [Lo : Ly, o]

. . ~  Gal(Leo/L . . .
is prime to p, Ap, . — ALZ( wo/bxoo) ig an isomorphism. Therefore,

XX — XX s bijective. Since we clearly have AY = A% we obtain
Lo Ly, Lo Ly,00’

Fittyx (X< )= FittAfxm (xx .

Ly,00
So we may assume K = K, when we study the y-component. In particular,
we may assume that the conductor of K/k is the same as that of y for the
computation of the Fitting ideal of X} .

2.3. In this subsection, we further assume that [L : K| = p. We fix an odd
character x of Gal(K/k), and assume that the conductor of y is equal to
the conductor of K/k.

1) Suppose that y # w. We extend x to the ring homomorphism Q(Ar_ ) —
Q(A}_) and the image of z € Q(Ar,,) is denoted by X € Q(A}_ ). We

know 9}200/1@ € Ak and Hfoo/k € A} _ by Deligne and Ribet. Let S be as in

11



§2.1. Following the idea of Greither [5] (cf. Theorem 7 in [5]), we consider
a fractional ideal (1, V(l_;l,1 )) of Ap_ for [ € S, and define

(23.1) 6 = ([(1, (——))01. i

les L=¢

which is a fractional ideal of A;_. Consider the y-component ©X. By
(2.1.2), (2.1.3), and (2.1.4), we obtain ©X C A} _, so ©X is an ideal of A} .
By Theorem 3 in Greither [5] and Corollary A. 13 in [7], we have

We will give another proof of (2.3.2) by the same method as the proof of
Theorem 0.1 in Remark 3.5.

2) Next, we suppose that x = w and there is a prime [ € P}, which is ramified
in L/K. We assume K = k(up) (we may assume this as we explained in
§2.2). Let S be as in §2.1. Note that S is not empty by our assumption.
Following Greither [5] (cf. page 753 in [5]), we introduce a modified Stickel-
berger element ¥, _/, (which corresponds to Wg in [5] though our element
is slightly modified).

We put

LA ),

(2.3.3) E=v(= -
Pics L= ' p

which is an element of the total quotient ring of Ay_ where ¢ is the Frobe-
nius of [ in Gal(K/k). We define

(2.34) Vr/k = &L /-

Using the definition of ¥,/ and (2.1.4), we have

(2.3.5) cWropm) = (LT = wleDer )0k i
les

Lemma 2.1 (C. Greither) If S is not empty, we have

(236) ’lgLoo/k € ALOO.

Proof. This corresponds to Proposition 9 in Greither [5]. We give here a
proof by computing J;,__ /4, directly. Using (2.1.2) and (2.1.4), we compute

[Tes(t = s(eDer ") = Thes( — o1 )
p

(2.3.7) 9 =v( Ok osk) T 0L /b
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As we explained in the proof of Proposition 1.2 (2), [ € S satisfies N(¢]) =1
(mod p), so k(g¢]) =1 (mod p). Therefore,

[hes(t = s(eDer ') = Thes( — o1 )
p

S AKoo'

Let v be a generator of Gal(Ls/L). Since (v — k(7))0k../x € Ak, and
(v = k()L sk € AL, we obtain (v — k(7))Vr/k € AL, We have to
show (7 — (1)1 i € (7 — K(1)Ar..

Let & be the automorphism of Q(Ar_ ) defined in (2.1.1), and 7 :
Ar., — Z, (resp. k.. : Ak, — Z,) be the augmentation map. Since
R(V1. /1) is a pseudo-measure in the sense of Serre [16], it suffices to prove
Lo (v = DRI /1)) = 0 (see [16] 1.14). Using (2.3.5), we compute

T (V= DEOL ) = T (v = DR = sleDer ))0kosw)
les

= m (T =N = DEOKk 1)
les
~ 0.

Note that we used S # ¢ to obtain the final equation. This completes the
proof of Lemma 2.1.

Note that 1 — /ﬁ((pl)gol_l is divisible by v — k() in Ak . We consider a
fractional ideal (1,v((y — k(7))/(1 — &(eD)p] ))). We define

(2.38)  S=> (J]a.v(

—
les y+] 1- KJ(SOI')SO]/
les

e

By (2.1.2), (2.1.3), (2.3.5) and (2.3.6), we obtain that
(2.3.9) ScAL.,

namely, S is an ideal of Ay_ . We study the w-component §* C A7_. Our
S* coincides with the ideal in Greither [5] Proposition 10.

Lemma 2.2 Suppose that Iy, is the ideal of Ap_ defined in §0. We have
(InoOrok)” # S¥.

Proof. We put A = Z,[[Gal(kx /k)]]. Then Az = A[Gal(L/k)] and A} =~
A[Gal(L/K)]. Let ¢ : Gal(L/K) — pu, be a faithful character (namely,
a bijective homomorphism). This ¢ induces a ring homomorphism A7 =
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A[Gal(L/K)] — A[pp), which we also denote by . By (2.3.7) and (2.3.8),

we obtain
V(07 k) = (0T j) € V(SY).

On the other hand, concerning (I,..0;__ /1), if o is a generator of Gal(L/K),
we have

(Lo /i)”) = (o) = Ly = K(N)P(OF_ 1)-

Since (12() — 1,7 — k(7)) # Alpp), we have 9(8%_ ) & (11, 0. 1)")-
Therefore, ¥((I,, 0. /k)*) # ¥(S¥), and we obtain the conclusion.

We will prove Fittae (X ) = Fittaw ((A7_)Y) = S (Theorem 0.1
(1)) in the next section.

3) Finally, we suppose that x = w and L/K is unramified outside p. In other
words, we suppose S = ¢. We cannot define a good element J;,__;, in Ar in
this case. We will use 0;,__ . Let I be the ideal of Ar_ defined in §0. By
Deligne and Ribet, we know Ir_ 0/, C A, . We consider (I 0 /i)
which is an ideal of A7 . What we will prove in the next section is

Fittay (X7) = Fittay ((A7.)") = (TnOr.0/m)"-

3 Proof of Theorems

3.1. We go back to the general situation, and suppose that Ly/k is a
finite abelian p-extension such that Lo N ks = k. We put K = k(u,) and
L = Lo(pp) (we do not assume [L : K| = p). We study XY = (A7_)".
Let Lo, be the cyclotomic Zj,-extension of Lo, and let Mr, /Lo (resp.
M. /koo) be the maximal abelian pro-p extension of Lg o (resp. ko) which
is unramified outside p. By Washington [17] Proposition 13.32, we have
canonical isomorphisms Xy _ = (A¢_ )Y ~ Gal(My, , /Loo)(1) and Xy =
(A% )Y ~ Gal(My,, /koo)(1) (note that our action is cogredient).
Using these isomorphisms, we obtain

Lemma 3.1 Let L{/k be the mazimal subextension of Lo/k which is un-
ramified outside p. Put G = Gal(L/K) = Gal(Lo/k). Then we have an
exact sequence

0 — HY(G,AY_ )Y — (X ) —» X — Gal(Ly/k)(1) — 0.

Proof. The cokernel of the natural map Gal(Mz, . /Locc) — Gal(Mj,, /kso)
is Gal((L{)oo/koo) = Gal(L{/k). Therefore, the cokernel of f is Gal(L/k)(1).

For n > 0, we regard Ay, as the Galois group of the maximal unramified
abelian p-extension of L,, and Ak, similarly. Then the norm map is the
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restriction map, so A7 ~— A} is surjective because Gal(K/k) acts on
A7 via w and acts on Gal(L,/K,) trivially. This implies that the norm
map A}~ — A} is surjective. Therefore, NgA7_ coincides with the
image of the natural map A%, — A7_ where Ng = X,ecgo. This implies
that

4 — (A7) — A°(G, A7) — 0

is exact. Taking the dual, we obtain the kernel of f.

3.2. We first prove Theorem 0.1. Suppose that [L : K| = [Lg : k] = p, so
G = Gal(L/K) is of order p. Put A = Z,[[Gal(kw/k)]]. Then X is a
Af = AlG]-module. Let ¢ : G — Q; be a faithful character. We extend
1) to the ring homomorphism

P A7 = AlG] — Aluy]

as in the proof of Lemma 2.2. For any A7_-module M, we define My, to be
M ®py  Alpp] where Al is regarded as a AY__-module via 1.
We have to prepare three more lemmas.

Lemma 3.2 Let M be a A[G]-module such that M is a free Z,-module of
finite rank. We regard My, as a Zy|py)-module. If H*(G,M) = (Z/pZ)®",
the mazimal Zy|u,)-torsion submodule of My is isomorphic to (Z/pZ)®".

Proof. This is well-known. We know M is isomorphic to Z,[G]**®Z, [11,) P
Z3¢ as a Zy[G]-module. Then HY(G,M) = (Z/pZ)®" implies ¢ = r. We
know My = M Qe Alpp] = M ®z,,1c) Zplpp] ~ Zp[up)* ) @ (Z/pZ)*e.
Therefore, the Zy,[u,]-torsion submodule is (Z/pZ)®°.

Suppose that G is generated by o, and consider two homomorphisms
¢ : A[G] — A which is induced by o +— 1, and ¢ : A[G] — A[u,] which is
as above.

Lemma 3.3 Let I and J be two ideals of A[G]. We assume that ¢(I) = c(J)
and Y(I) = (J). Furthermore, we assume one of the following.

i) ¢(I) is a principal ideal generated by a non-zero element g € A, whose
tnoariant 18 zero.

ii) (1) is a principal ideal generated by a non-zero element h € Alup], whose

W invariant s zero.
Then we have I = J.

Proof. We first assume i). Let x be an element of I. We will show z € J.
Put & = >~ o?. The kernel of ¢ : A[G] — A[u,] is generated by ®. Since
P(I) = ¢(J), we can write z = y + ®z for some y € J and z € A[G]. We
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have ¢(x) = ¢(y) +pc(z). Therefore, ¢(I) = ¢(J) = (g) implies that g divides
pe(z). This shows that g divides ¢(z) because we assumed the p-invariant
of g is zero. Therefore, using ¢(I) = ¢(J), we can write z = u+ (o — 1)v for
some u € J and v € A[G]|. We have = = y + ®u because ®(0 — 1) = 0. This
shows that x € J. Hence I C J. The other inclusion J C I is obtained by
the same method, so we have I = J.

Suppose ii) is satisfied, and x € I. Using ¢(I) = ¢(J), we can write
x =y+(oc—1)zforsomey € J and z € A[G]. Now, ¥(x) = ¥(y)+({p—1)¢(2)
where (, = 9(0) is a primitive p-th root of unity. Therefore, h divides 1(z).
So we can write z = u+ ®v for some u € J and v € A[G]. This implies that
x=y+ (6 —1u € J. Thus, I C J. The other inclusion is proved in the
same way, and we have [ = J.

Lemma 3.4 Let R be the ring of integers of a finite extension of Q,, and
A = RJ[[T]]. Suppose that

00— My — My — M3 — 0

is an exact sequence of finitely generated torsion A-modules, and that Ms
contains no nontrivial finite submodule. Then we have

FittA(Mg) = FittA(Ml) ChaI'A(Mg)
where char 4 (Ms3) is the characteristic ideal of Ms.

Proof. (cf. also [2] Lemma 3.) By [19] Proposition 2.1, M3 has a free
resolution of the form 0 — A™ — A™ — Mg — 0. Therefore, we
have Fitt4(M3) = chars(Ms), and we can apply Theorem 22 in Chapter 3
of Northcott [14] to obtain
Fitta(Ms) = Fitta(M;) Fitt4(M3)
= FittA(Ml)ChaI‘A(Mg).

Proof of Theorem 0.1 (1). Suppose that S # ¢. By Lemma 3.1, we have an
exact sequence

0— HYG,AY )Y — (XF_ ) — X —0

of A-modules because Ly = k in this case. By Iwasawa [8] Theorem 18, X%
contains no nontrivial finite submodule. Therefore, using Lemma 3.4 and
the Iwasawa main conjecture proved by Wiles [18], we have

Fitta (X2 )e) = Fitta(HO(G, AY_)V)chary(Xy )

(3.2.1) )
= Fitta(H(G, A7 )")((v = k(MO 1)
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We will compute Fitta (H°(G, AY_)V). Since H%(G, A%_) is finite, we know
Fitta(H°(G, AY_)V) = Fitta(H°(G, AY_)) by [13] Appendix Proposition
3. Suppose that S = {I1,...,[,}. For [ € S, we put o] = (1 — r(¢))e] })¥,
Bl = ar/(v — K(y)) € A%_ = A. By Proposition 1.2 (2), H%(G, A% )
is isomorphic to Coker(Z/pZ R @i A% /(p, ;) where the map j is
defined by j(1) = (A, --.,01,)- Therefore, a relation matrix of ﬁO(G,A}jm)
is

P 0 ... 0
o, 0 ... 0
0 p ... 0
0 o ... 0
0o 0 ... P
0 0 ... al,
B Bl - A1,

This shows that Fitta (H°(G, Af__)) is generated by the elements of the form
i) p# T [Tier 1 (where T C S and T # ¢),

i) p " # B [Tyer o (where [€ S and T C S\ {1}), and

iii) p .

Since an element of the form i) is a multiple of some element of the form ii),
we only need ii) and iii). We have

Fitta (H°(G, A7) = > (][ (ar,p)) (81, p)-
les y#]
les
Thus, it follows from (3.2.1) that
c(Fittaq)(X7,)) = Fitta (X2 )a) = > (][ (v, ) (B, p) (v = k(1)) i
leS 14
Ies

On the other hand, using the definition of S (see (2.3.8)), we have

o9) = ST o DAl ensi

les 1] les
res
= > (] (r,p))(Bip) (v = £(1))O5 i
les 1]
res

Therefore, we obtain c(Fittyig)(XF_)) = ¢(S¥).
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By Proposition 1.2 (2), we have H%(G,X¥_)) = HY(G,A%_))V = 0.
Therefore, by Lemma 3.2, (X7 )y contains no nontrivial finite submodule.
Hence we have

Fitt [, (X7, )w) = charyp, (X7 )y) = (007 /1))

by the main conjecture proved by Wiles [18]. Since it is easy to see ¥(S¥) =
(w(Ofw/k)), we obtain ¢(Fitt i) (X7 )) = ¥(S¥). Therefore, the conditions
of Lemma 3.3 are satisfied (the condition ii) is satisfied), and we obtain

FittA[G] (Xfoo) =S¥,

Next, we will prove Iy 0/, & Fitta, (X7, ). We take a € I . It
is easy to see Y(aby ;) € ¥(5*) and c(ab} ) € ¢(S¥) from the above
descriptions of ¥(S“) and ¢(S¥) (cf. also (2.1.4)). By the same argument
as the proof of Lemma 3.3, we have aﬁfoo/k € S§¥. We saw in Lemma 2.2
that (I1..0r. k) # S¥, so we obtain (1.0 k) G Fitta, (X7 ). If
x is odd and y # w, we have '9%00/16 € Fitta, (X)) by (2.3.2). If x is

even, Hﬁw/k = 0. Therefore, we obtain I1_ 01/, & Fitta, (&L, ). This

completes the proof of Theorem 0.1 (1).

Proof of Theorem 0.1 (2). We prove this statement by the same strategy as
the proof of Theorem 0.1 (1). By Proposition 1.2 (3) and Lemma 3.1, we
have an exact sequence

0— (X7 )g — X — Z/pZ — 0.

Since X contains no nontrivial finite submodule ([8] Theorem 18), (X7 )a
also has this property. Therefore, FittA((X}7 )g) = chara((X7)a) ([19]
Proposition 2.1), and

Fitta (X7, )a) = chary (X7 )g) = chara (X ) = ((v = (7)), /i)

by the Iwasawa main conjecture [18]. Since c((I1.. 0. /x)*) = ((7_”(7))05;(00/14:)’
we obtain

c(Fittpje)(X7)) = Fitta(X7)a) = e((Tno O /i)
Next, we consider (X7 ). It follows from Proposition 1.2 (3) that
HY(G,x¢ )= H (G, AY_ ) ~Z/pZ.

Therefore, Lemma 3.2 implies that the maximal finite torsion submodule of
(X7 )y is of order p. Thus, we have an exact sequence

0 — Z/pZ — (X} )y — M — 0
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of Alupl-modules where M = (X} _)y/((XF_)y)tors contains no nontrivial
finite submodule. Using Lemma 3.4 and the main conjecture [18], we com-
pute

FittA[Mp]((Xfoo)w) = FlttA (Z/pZ) charA[u ]( )
= Fittay,,)(Z/pZ) charyp,, (X))
= (Cp—la’Y—Fﬂ( )v(0 Loo/k)

where (, = ¢(0) which is a primitive p-th root of unity. On the other hand,

it is clear that ¥ ((IL, 0. /k)") = (p — 1,7 — m(y))w(egm/k). This shows
that

P(Fittaq)(XE,)) = Fittap,| (X2, )y) = (IO /k)*)-

Therefore, Fitt i) (X7 ) = (1101, /x)” by Lemma 3.3 (now the condition
i) is satisfied). This completes the proof of Theorem 0.1.

Remark 3.5 We can prove (2.3.2) directly by the same method as above.
In this Remark 3.5 we put A = Ay, and G = Gal(L/K). Then A} = A[G].
We use two maps ¢, v as in §2.1. For x # w, we use an exact sequence

— (P z/en2)¥ — (X))o — X —0,
vGP/OO

which is obtained from Proposition 1.2 (1). Recall that S = {[ € P} |
[ is unramified in K, and [ is ramified in L}. We put

Sy={1e 8 | xl(g) =1)

where (ﬁ) is the Frobenius of [ in Gal(K/k). We can compute

Fitta(( D Z/en2)%) = [ (0, o)

vEP leSy

where of = (1 — ¢ )X, If [ € S\ Sy, of is a unit of A. So [[jcg(p.of) =
I S, (p,a]). Therefore, using Lemma 3.4 and the main conjecture [18], we
have

Fitta (X7 )a) = (][ (», ol)0k k-
les

On the other hand, by the definition (2.3.1) of ©,

c(0X) = H 1 pY] Ho‘l Kook — H(p,ai))&}‘(m/k.

les les lesSy
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Therefore, we have c(Fittq (X)) = c(©X).
Next, (Fittyjq (X7 )) = (zp(efw/k)) = (©X) can be easily checked.
Therefore, by Lemma 3.3 (the condition ii) is satisfied), we obtain

Fitt i (X7 )) = ©%.

3.3. In this subsection, we compare A7, with the standard Iwasawa module.
For a number field L, the standard Iwasawa module Xj__ is defined by

Xr.,=1lim Ap, .

In this subsection 3.3, we consider the case G = Gal(L/K) is cyclic of order
p.

For simplicity, we only consider the case that K = k(u,) and L/k is
unramified outside p for the w-component (the general case can be treated
by the same method). We assume p(X§_) = 0. We use the same notation
as §1.1. We put a = dimp, Coker(y, — @vern I,)¥ where I, is the
inertia group of v in G = Gal(L/Ks) and the map is induced by the
reciprocity map of local class field theory. Using the argument in §1.1, we
have

H™ (G, X7_) = Coker(u, — €P I)*

UGPKn

(cf. also Proposition 5.2 in [10]). Hence dimp, fI‘l(G,X}jm) = a. We
can also get dimp, HO(G, X7 )= a+1. This together with Kida’s formula
implies that

(3.3.1) X¢ ~Zy G @ (Z,[G]/Ne)* & Z4H!

(cf. Twasawa [9] §9) as Z,[G]-modules where A is the A-invariant of X§ .
On the other hand, by Proposition 1.2 (3) we have

HYG,x¢_)=0 and H°(G,Xy_ )~ Z/pZ.
This shows that
(3.3.2) Xy ~7Z,G1 @ Z,,

Therefore, if a > 0, X} is not isomorphic to X7 as a G-module.

We further remark that (ISB) does not hold if @ > 0 (note that (IDSB)
always holds by Theorem 0.1). This can be proved by the same method as
Theorem 1.1 in [7]. Suppose that a > 0. Then the natural map (X¢_)o —
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X% __ has non-trivial kernel by Proposition 5.2 in [10]. This together with
Lemma 3.4 implies that

Fittas ((X¥.)c) C Fittay (X2).

Since the main conjecture implies Fittae (X7 ) = charye (X% )= ((v—
li(’y))é‘;(oo/k), we have

(v = 6Ok € Fittay  ((XZ_)a) = c(Fittay (X7 )

where ¢ : A7~ — A% _ is the natural map. Since Lo /K is unramified
outside p, we know c((y — m(’y))&foo/k) =(y— n(’y))@‘f(oo/k. It follows that
(v — /ﬁ(’y))@foo/k) Z Fittpye (X7 ). Namely, (ISB) does not hold.

3.4. In this subsection, we prove Corollary 0.2. We will first prove (1). By
[17] Proposition 13.26, A} —— A} _is injective. This implies that

Fittr, (X, )Gal(Le. /L)) C Fittr,, (AL )Y).

Since (IDSB) holds, we have

Lo /L0 (ILoOr. k)~ C Fittg, ((A7)Y).

On the other hand, by our assumption that all the primes of k above p are
ramified in Ly, we have cr__ /1, (IL.0r. /&) = 11,01, /1 Where cp_/r,, is the
natural restriction map. Since Iy,,0y,, /1 is in the minus part of Ry, (namely,
(Ir,0r,/1)" = 0), we get (DSB) for L, /k.

Next, we will prove (2). As we have seen above,

Lo/t 0L /k)~ C Fittr, ((AL)Y)

holds. We have

croyn(afr ) =[] = epVer /(@)
per

for a € I, where T is the set of primes of k£ which are ramified in Lo, and
unramified in L. By our assumption (i) and (ii), if p is in 7", the primes above
p do not split in L/LT. Therefore, (1—¢p')~ is a unit, and Iper(1—¢p' )~
is a unit. Since ¢y /(I ) = IL, we obtain (DSB). On the other hand,
since I'(L/k) is cyclic, we know

Fittg, (A;) = Fittg, ((47)"Y).

This implies that (SB) is also true.
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3.5. In this subsection, we study the case that I'(L/k) is not cyclic, and
will prove Theorem 0.3 and Corollary 0.5.

Proof of Theorem 0.3. Put K = k(uy), G = Gal(L/K) = Gal(Ly/k),
and A = A} . Then A7 = A[G]. Let c be the restriction map in §2.1.
Proposition 1.2 (3) implies that

HG,xp_)=H (G, A7) = (\G)).

It follows from Lemma 3.1 that

0—( /\G )G—>XK — G(1) —0

is exact. By our assumption on G, we have /\2 G # 0. Since X does not
contain a nontrivial finite submodule, neither does Image f. Therefore, by
Lemma 3.4 and the main conjecture [18], we obtain

2
Fitta (X7 )a) = Fitta((/\ G)(1))chary (Image f)

(p, ~v — 1) chary (Image f)
— 1) chary (X% _)

(P,
= (v = DO = c(Nk,
(X5 ) (=BT i) = (V=R

N

If (7—5(7))0f00/k was in Fitty,
would be in

c(Fitta, (X7.,)) = Fitta((XL,)e) € (0.7 = 1)(v = ()0 1

But this is impossible. Therefore, (v — /@('y))ﬁfoo/k is not in Fitty, (X7 ).
Thus, we have obtained (v — x(7))0r_ /i & Fitta, (XL.)-

Proof of Corollary 0.5. The statement (1) follows from Theorem 0.3 and
Theorem 2.1 in [7].
Next, we will prove (2). We consider X;_ = lim Aj, and Xk =

lim Ak, . By Corollary 5.3 in [10], we have an exact sequence
@I Loo/Kwo) (Xfoo)Gal(Loo/Koo) - XI“%OO —0

where v runs over all primes of K, above p and I,,(L /Ko ) is the inertia
group of Gal(L/K) at v. Put

P ={P € Pyi. | B splits completely in koo (pp) and ramified in Lo(ppe)}.
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We have
(@ Iy(Leo/ Koo))® = @ Ip(Lo,oo/ ko)

vlp Pep

where Ip (Lo co/ks) is the inertia group of Gal(Lgoo/kso) at B. We put
N = Coker(Z,(1) — @pep IP(Lo,co/kso)). By our assumption #P > 2,
we have N # 0.

We apply Lemma 3.4 to the exact sequence

0— N — (X7 _)cal(Lo /Koo) — XK, — 0

to obtain
Fitta (X7, )a) = Fitta(N) (v — ()0%_ x

(using the main conjecture). Since (01 k) = Ok, /i and FittaA(N) # A,
we have

(v = w(OF i € Fitta,  (XT)
by the same argument as the proof of Theorem 0.3. By Theorem 2.1 in [7],
for sufficiently large n, we have

(v = K)o i)k & FIttRL (0 (AL (uym))-

This completes the proof of Corollary 0.5.
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