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ABSTRACT. In this paper we study some problems related to a
refinement of Iwasawa theory, especially questions about the Fit-
ting ideals of several natural Iwasawa modules and of the dual of
the class groups, as a sequel to our previous papers [8], [3]. Among
other things, we prove that the annihilator of Z, (1) times the Stick-
elberger element is not in the Fitting ideal of the dualized Iwasawa
module if the p-component of the bottom Galois group is elemen-
tary p-abelian with p-rank > 4. Our results can be applied to the
case that the base field is Q.

1. INTRODUCTION

1-1. Suppose that £ is a totally real number field, and at first suppose
that L/k is a finite abelian extension of totally real number fields. We
fix an odd prime number p and denote by k., /k, L /L the cyclotomic
Z,-extensions. We assume L N ko, = k. Suppose that S is a finite
set of primes of k, which contains all ramifying primes in L.,. Note
that S automatically contains S, the set of primes of k£ above p. Let
Xpr.s be the S-ramified Iwasawa module, namely the Galois group of
Lr.. s/Ls which is the maximal abelian pro-p extension unramified
outside S. Then the main conjecture which was proved by Wiles in [14]
Theorem 1.3 can be stated in terms of X7 ¢. Indeed the main conjecture
(roughly) says that for any character x of Gal(L/k) the characteristic
ideal of the x-quotient of X7, g is generated by the y-component of the
S-truncated p-adic L-function ©p__ /g (for the precise statement, see
§4). Since the characteristic ideal of a power series ring is closely related
to the Fitting ideal, we are naturally led to the question whether (the
annihilator of Z,, times) the S-truncated p-adic L-function ©,__ kg is in
the Fitting ideal of the Az-module A7, ¢ where A, = Z,[[Gal(Lo/k)]]
(concerning general properties of Fitting ideals, see [10]). Using our
previous results, we can show that the answer is always No if the p-
component of Gal(L/k) is not cyclic. Actually, we can describe the
Fitting ideal of X7 g, using O kg (see Theorem 4.1). Theorem 4.1
gives a more precise link between the S-ramified Iwasawa module X7, g

and the p-adic L-function ©r_ /i 5 than the usual main conjecture.
1
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When we take S to be minimal, namely the set of the ramifying
primes of k in Lo, we simply write ©__, for O /i 5. Next we study
the p-ramified Iwasawa module, namely the Galois group of L, s,/ L
which is the maximal abelian pro-p extension unramified outside p. We
write X, = Gal(Lr. s,/Ls), and study the Fitting ideal of the Az-
module X, especially the problem whether (y — 1)©;_ is in the
Fitting ideal of X, or not, where «y is a generator of Gal(L../L). Our
main theorem in this direction is Theorem 5.1 in §5.

We are interested in this problem because it is equivalent to a prob-
lem on the minus class group, which we will explain in the next sub-
section.

1-2. For a number field F', we denote by Clz the class group and
Arp = Clp ® Z,. Let p, be the group of p-th roots of unity in an
algebraic closure, and put L' = L(u,). Suppose that L/k is a finite
abelian p-extension, for simplicity, in this subsection. Hence L is still
totally real and L' is a CM-field; we keep the assumption that £ is
totally real all the time. Let w : Gal(L'/k) — Z) be the Teichmiiller
character, which gives the action on p,. We denote by L’ /L' the
cyclotomic Z,-extension, and define Az, to be the inductive limit of
Ap, where L;, is the n-th layer of L’ /L. Consider the w-component
Af{,o . Then the Kummer pairing gives a well-known isomorphism

(A7, )"(1) ~ X,

of Galois modules (see [13] Proposition 13.32), where (A7, )" is the
Pontrjagin dual and (1) is the Tate twist. Put Ay = Z,[[Gal(L._/k)]].
We consider the cogredient action of the Galois group on the Pontrja-
gin dual (Az,_)Y, and regard it as a Ap-module. Let v be a generator
of Gal(L. /L') and & the cyclotomic character, and 0, s the Stick-
elberger element (the projective limit of 6, ;, for n > 0 ; for more
details, see §6). Then (v — x(7))0r,_sk is in Az, Using a consequence
of Theorem 5.1 and the above duality isomorphism, we prove in §6 the
following as a part of Theorem 6.1.

Theorem. Suppose that Gal(L/k) ~ (Z/pZ)®* with s > 4. Then we
always have

(v — &(7))0r., & Fitty,, ((Ar)") -

In previous work, see [3], it was shown: If L/k is unramified outside
p and Gal(L/k) is not cyclic, then we always get this negative result.
In this paper, we prove the above theorem with no assumption on the
ramification in L' [k.

It was a surprise for us that the above Theorem can be applied to the
case k = Q. In our previous work, if L/k is unramified outside p and
Gal(L/k) is not cyclic, then k cannot be Q.
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A key result in the proof of Theorems 6.1 and 5.1 is Theorem 3.1
which determines the structure of (X1 )gai(z k) for elementary p-abelian
Gal(L/k). In particular, we prove that the Z,-torsion part of (Xr,)cai(L/k)
is annihilated by p in this setting.

1-3. We study finite abelian extensions over QQ in §§7 and 8. As a
corollary of the above Theorem, we prove in Corollary 7.1 a similar
negative result at finite level; especially for a certain cyclotomic field
L = Q(ptm) we can show that

(Annzicayz/o) (tm)010/0) @ Zy FittZP[Gal(L/Q)](AX)

(see Corollary 7.2 and Remark 7.3). Note that the main result of [9]
implies

(Annggair) (1m)0r/0) ® Zy C Fittz, (cair/q) (AL)

for any m and p. Such a negative result is surprising because people
sometimes thought that the Pontrjagin dual of the class group behaved
better than the class group. We also note that the above result shows
that the Fitting ideal of the dual of the class group of a cyclotomic
field does not coincide with the Stickelberger ideal of Iwasawa-Sinnott
in [11], in general.

Combining the main results in [1] and [9], we know that

Fittz, jca(r/0)((AL)") = Fittz, caz/0) (A7)

for any finite abelian L/Q such that p, ¢ L. But the above negative
result shows that this equality does not hold in general if p, C L. We
discuss this problem in §8 in the case p, C L and s = 2 (the latter
simply meaning that the p-component of Gal(L/Q) is (Z/pZ)®?*). We
give in Proposition 8.1 a very simple criterion for this equality to hold
for a certain family of abelian fields. We also study a numerical example
in detail in Remark 8.4 for which

Fitty, caw/)(AL)") S Fittz,caw/e) (A7)

holds.

Concerning the Stickelberger ideal for cyclotomic fields, the book
[6], which was based on the lectures by K. Iwasawa and W. Sinnott at
Princeton in 1976, has been a well-received and widely read reference in
Japan. As we see from the acknowledgement in that book, K. Shinoda
suggested its publication, read the manuscript thoroughly, and gave
many helpful comments. The authors believe that the importance and
the arithmetical content of the Stickelberger ideal stem to a consider-
able extent from its beautiful relation to the Fitting ideal of the class
group (cf. [7], [1]). In this sense, the theory of Stickelberger ideals has
seen some new developments since the time this book was written. It
is our great pleasure to dedicate this paper to K. Shinoda.
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2. A FUNDAMENTAL EXACT SEQUENCE

In this paper, we fix an odd prime p. For a number field F', we denote
by Fi/F' the cyclotomic Z,-extension.

Suppose that L/K is a finite abelian extension and put G = Gal(L/K).
Consider the maximal abelian pro-p extension £ s, /Lo which is un-
ramified outside p, and put X; = Gal(£r_ s,/Ls). We are interested
in the Tate cohomology H “(G, X1). The goal of this section is to prove
the following proposition, which we call the fundamental exact sequence
for X, in this paper.

Proposition 2.1. (Fundamental exact sequence for X )
Let L/K be a finite abelian p-extension of totally real number fields

such that LN Ky = K and G = Gal(L/K). Then we have an exact
sequence

0—>/\G—>H (G. X)) — P L

veSh,
— G — H'(G, X)) —0,

where Sy is the set of non p-adic primes of K., which are ramified
in Lo /Kw, and I, is the inertia subgroup of v in G = Gal(Ly/Ky).

Remark 2.2. Put K’ = K(u,) and L' = L(p,). We denote by L,
the n-th layer of L{ /L' and by Af, the Teichmiiller part of the p-
component of the ideal class group of L. Then, by the well-known
duality (see [13] Proposition 13.32), X is isomorphic to the Pontrjagin
dual of the direct limit liinA‘}j,n for which we write A7, . Namely we

have
Xp =~ (A7, )" (1)

where (1) is the Tate twist. If we use this isomorphism, Proposition
2.1 is a consequence of Lemma 1.1 in [8]. But we give here a different
proof (though we use the above isomorphism to prove the following
Proposition 2.3).

Before we prove Proposition 2.1, we need the following description
of H_l(G, XL)

Proposition 2.3. Let L /K, be the mazimal subextension of Lo,/ Koo,
which is unramified outside p. We put G = Gal(L, /K). Then there
is an exact sequence

0— HYG X)) — (X1)g — Xk — G —0

where (X1)g is the module of G-coinvariants of Xp, and (Xp)e —
Xk is induced by the restriction map.
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Proof. Let L!, be as in Remark 2.2, and define K/, similarly. Then the
cokernel of the norm map Cl;, — Clg, between the class groups of
L! and K] is isomorphic to the Galois group of the maximal unram-
ified subextension of L/ /K!. In particular, it is a quotient of G, and
independent of n when n is sufficiently large. Therefore, the cokernel
of the norm map Af/oo — A“j(éo is finite. Using the above duality,
we know that the kernel of the canonical map Xx — X is finite.
On the other hand, by Theorem 18 in Iwasawa [4] we know that X
has no nontrivial finite Z,[[Gal( K /K)]]-submodule. This shows that

A~

Xk —> Xy is injective. Therefore, H‘l(G,XL) coincides with the
kernel of (X1)¢ — Xk. By definition, the cokernel of this map is
g. O

Now we prove the fundamental exact sequence (Proposition 2.1). Let
Sy be the set of p-adic primes of K, and S’ the set of non p-adic rami-
fying primes of K in L. We put S = S, U S". Let Ok_ s be the ring of
S-integers in K. We denote by H'(Ok_, s,Q,/Z,) the étale cohomol-
ogy H!,(Spec Ok, s,Q,/Z,), which is the same as the Galois cohomol-
ogy H'(M/K,Q,/Z,) where M /K is the maximal extension un-
ramified outside S. We define H(Ok__ s,,Qp/Z,), H(Or. 5, Qp/Z,),
HY(Or_s,,Q,/Z,), similarly. Suppose that vy € S” and v is a prime of
K, above vy. Since vy is ramified in L, we must have N(vy) = 1 (mod
p) where N(v) is the norm of the prime vy. Therefore, the residue field
k(v) of v contains all p-power roots of unity in an algebraic closure of
k(v). Let I,(M/K) be the inertia group of v in Gal(M/K). Since
v is prime to p, [,(M/K) is isomorphic to Z,(1) where (1) means the
Tate twist, and

H(i(v), H(I,(M/Kx), Qp/Zy)) = H(k(v),Qp/Zp(—1))
= Q/Z,(-1).

Since the weak Leopoldt conjecture is true, we know H*(Ok__ s,, Q,/Z,)
= 0. Therefore, the localization sequence of étale cohomology gives a
short exact sequence

(1) 0 — HI(OKooVSprp/Zp)—>H1((9Koo757@p/zp)
— P Q/Z,(-1) —0.

vGS’KOO
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Using the same exact sequence for L., and the spectral sequence, we
have a commutative diagram of exact sequences

0 0 0
4 4 4
g" HY(G,Qp/Zy) @D, Z/e.Z(-1)
4 4 4
0 — HI(OKQC,SWQP/ZP) = H'(Oke.s,Qp/Zp) — D, Qv/Zy(-1) — 0
4 4 4

0 = H (O 5,,Q0/Zp)¢ = H'(OLe,s,Qu/Z0)¢ 5 (D, Qp/Zp(~1))C
1 N 1

H G, X1)" H?(G,Qp/Zyp) 0
{ 4
0 0

Here, H'(Ok_. s,,Qy/Z,), H'(Or. s,, Qp/Z,)¢ are the Pontrjagin du-
als of X and (X )¢, respectively, so Proposition 2.3 assures the ex-
actness of the first vertical sequence. The second vertical sequence
is exact by the Serre-Hochschild spectral sequence. We note that
S contains all primes which ramify in L../K,. We also note that
HY(G,Q,/Z,), H*(G,Q,/Z,) are the Pontrjagin duals of G and \* G,
respectively. In the third vertical sequence, v runs over S and w
runs over S7_ which is the set of primes of L., above S’. We have
(B, Q,/Z,(—1))% ~ P, Q,/Z,(—1) and the third vertical map is the
multiplication by e, for the v-component. This shows that the third
map in the third vertical sequence is surjective. This implies that f
(which is the third horizontal map in the second horizontal sequence)
is surjective. Therefore by the snake lemma and dualization, we obtain
an exact sequence

2
O—>/\G—>f]*1(G,XL) — @ Z)e, (1) — G — G — 0.

’UES}(OO

We note that the inertia group I, of v in G is isomorphic to Z/e,Z(1).
Hence, in order to prove Proposition 2.1, we have only to prove

(2) HY(G,X,)~G .
We need the following lemma.
Lemma 2.4. We have an isomorphism
X — X¢
where the right hand side is the G-invariant part of Xy .

Proof. By induction on #G, we may assume that #G = p, namely
G ~ Z/pZ. Let Xk s be the Galois group of Lk /K~ which is the
maximal abelian pro-p extension unramified outside S. Taking the dual
of the exact sequence (1), we have an exact sequence

O—>@ vMg/Ky) — Xxs — X — 0

veS],
OO
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where I,(Mg/Ky) ~ Z,(1) is the inertia group of v in Xk g. As we
proved in the proof of Proposition 2.3, Xx — X is injective. We de-
fine Xy, ¢ similarly. Then the above injectivity implies that the canon-

ical map Xx g — XL s is also injective. Taking the dual, we know

that the corestriction map H'(Op_ s,Q,/Z,) <% HY(Ok...5,Q,/Z,)

is surjective.
By the Serre-Hochschild spectral sequence, we have an isomorphism

Hl(G7 HI(OLOO,Sa Qp/Zp)) ~ Hg(Ga Qp/Zyp).

The latter group is isomorphic to H'(G,Q,/Z,) because G is cyclic.
Therefore, we have

HY(G,HY (01 5,Q,/Z,)) ~Z/pZ .
This shows that the kernel of
HY(Or5,Qu/Zyp)e <= H (Ok..5,Qp/ L) ~3 HY(O15,Qy/Z,)

is of order p where Mg means the module of G-coinvariants of M. Since
the kernel of the restriction map H* (O, s,Q,/Z,) — H (O 5,Q,/Z),)
is H'(G,Q,/Z,) which is of order p, we know that the corestriction map
gives an isomorphism

Hl(OLoo,Sa Qp/Zp)G = Hl(OKOO7S7 Qp/Zp) .

Consider the commutative diagram

Hl(OLomSp? @p/Zp)G — Hl(OLoo,& @p/Zp)G
b I
Hl(oKw75p7Qp/Zp) — Hl(OKooﬂva/Zp> .

We have just seen that the right vertical arrow is bijective. The lower
horizontal arrow is injective by definition. The upper horizontal ar-
row is also injective because of the surjectivity of f in the previous
commutative diagram and of the cyclicity of G. Therefore, we get the
injectivity of the left vertical arrow. Taking the dual, we know that
Xg — XY is surjective.

As we have mentioned, we proved the injectivity of Xx — X
in the proof of Proposition 2.3. Therefore, we get the bijectivity of
Xig — X¢. OJ

We go back to the proof of (2). By Lemma 2.4, we have
H°(G, X)) ~ Coker(X, — Xg) .

Therefore, Proposition 2.3 implies (2). This completes the proof of (2)
and Proposition 2.1.

Remark 2.5. We note that we did not assume the vanishing of the u-
invariant of L to prove the fundamental exact sequence in Proposition
2.1. The argument becomes much simpler if one is willing to assume

w=0.
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3. THE TORSION SUBMODULE OF (X[ )¢

In this section, we assume the same condition as in Proposition 2.1.
Namely, L/K is a finite abelian p-extension of totally real number
fields such that L N K = K. Recall that Xg, X are the Galois
groups of the maximal abelian pro-p extensions unramified outside p
over Ko, L, respectively. We also use the notation G = Gal(L” /K )
in the previous section where L” /K, is the maximal subextension of
Ly /K, which is unramified outside p.

Theorem 3.1. Let L/K be as above and G = Gal(L/K). We assume
that G is elementary abelian and G ~ (Z/pZ)®* for some s € Z~q. We
assume that the p-invariant of Xy s zero, and denote the \-invariant
by M. Let Sy be the set of primes of non p-adic primes of K
that are ramified in Lo, n(L/K) = #S%_, and ¢(L/K) = dimg, G.
Then the structure of the module (X1)g of Galois coinvariants as a
Z,-module is as follows:

(Xp)o ~ (Z/pZ)*" & 7%,
where
5(32_ 3 (LK) + (LK)

In particular, the Z,-torsion subgroup of (Xr)q is annihilated by p.

t =

Proof. Since we assumed the vanishing of the p-invariant of Xy, it
is a free Z,-module by Theorem 18 in [4], and Xg ~ ZI*< as Z,-
modules. By Proposition 2.3, (X)¢ is a finitely generated Z,-module
with rank g, and the Z,-torsion part of (X;)g is H~'(G, X1). Thus
our aim is to determine H (@G, X1). By the fundamental exact se-
quence (Proposition 2.1) and the isomorphism (2), we know that the
order of H™Y(G, X,) is p' where

s(s—1)

2

Therefore, it suffices to prove that H @, X1) is killed by p, or that
it needs ¢ elements as its minimal generators as a Z,-module.

‘o s(s —3)

+n(L/K)+¢elL/K)—s= +n(L/K)+¢e(L/K).

Step 1 (the case s = 1). Suppose that G = Z/pZ. In this case, since

the order of G is p, we have pI:I_l(G, X1) = 0, which implies the con-
clusion of Theorem 3.1.

Step 2 (the case s = 2). Suppose that G = Z/pZ & Z/pZ. At first,
we assume that L., /K is unramified outside p, namely n(L/K) = 0.
Then the fundamental exact sequence implies H (G, X1) = Z/pZ.

Therefore, we get the theorem in this case. So we may assume n(L/K) >
0. This implies ¢(L/K) =0, or 1.
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(i) We first assume that ¢(L/K) = 1. We take an intermediate field
M with [L : M| = p and L /M is unramified outside p. Put G; =
Gal(L/M) and write G = Gy @ Go. We identify Gal(M/K) with Gb.

By the fundamental exact sequence, we have H Gy, X) = 0. This
shows that (X )g, is a submodule of X, with index p by Proposition
2.3. In particular, (X)q, is a free Z,-module, so we can write

(Xp)oy = Z|Ga]™ @ Z;" ® (Z,[Gs]/ (New))*

as Z,[G]-modules for some integers a, b, ¢ where Ng, = ¥,e¢,0. Tak-
ing the Gy-coinvariant, we have

(X1)e = (Xp)e ), = ZE“™) @ (Z/pZ)*”.

Therefore, pH "G, Xp) = 0. This implies the conclusion as we ex-
plained.

By the way, we can determine a, b, c. We have proved that H! (G, X)) =
(Z/pZ)®™E/K) | which implies ¢ = n(L/K). By the fundamental ex-
act sequence for M/K, we get H Gy, Xyy) = (Z/pZ)EM/K)=1 —
(Z/pZ)®"E/F)=1 and HO(Gy, X)y) = 0, which imply

Xt = Lp[Go) ™ @ (Z,[Ga]/ (Ng, ) * "7,

(This procedure is the same as the proof of Kida’s formula in Iwasawa
[5].) Comparing the Z,-ranks of X, and (X)¢, together with a +b =
A, wegetb=1and a = A\ — 1.

(ii) We next assume that e(L/K) = 0. We take an intermediate field
M such that [M : K] = p, S"(Myx/Kx) # 0, and S"(Leo/Mo) # 0
where S'(My /K ) is the set of non p-adic ramifying primes of K, in
My, and S’(Ls /M) is the set of non p-adic ramifying primes of M,
in Lo. Put n(M/K) = #5' (Mx/Kx) and n(L/M) = #5'(Leo/My).
If visin S"(My/Ks), v is not a p-adic prime and the inertia group in
G is cyclic. So the prime of M, above v is not in S’(Lo/Ms). If w
is in S'(Loo/Mw) and v is the prime of K, below w, then v is not in
S'(My/Ks) and it splits completely in M. Thus we have

n(L/K)=n(M/K) + %n(L/M)
We again write G = G1 @ Gy with Gy = Gal(L/M). By the funda-
mental exact sequence for L/M, we have an exact sequence
0 — H NGy, X)) — F,[Gy)®nEM/P Gy — 0.
Therefore, we have an isomorphism
H™(Gh, Xp) = Fy[Go) "ML o F[Gh] / (Na,)
as Go-modules. As we saw in the case (i), we have an isomorphism

Xor = Zy[Go]™ @ (Z,[Ga]/(Ng,)) MO0
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as Go-modules by the fundamental exact sequence for M/K. From the
exact sequence

0— HY G, X1) — (X1)a, — Xy — 0,
we have an exact sequence
0 — F[Go]* MM G [Go]/(Na,) — (Xp)a,) @ F,

— Fy[Go] ™ @ (F,[Ga]/(Ng,)) PO~ — 0.
We take a generator o of G5 and put S = 0—1. We identify F,[G5] with
F,[[S]]/(SP). The above exact sequence is a sequence of IF,[[S]]/(SP)-
modules. We put R = F,[[n]] in the following Lemma 3.2, where 7 is an
indeterminate. Then F,[Gs] = R/(7?) and F,|Gs]/(Ng,) = R/(7F1).
From the lemma we obtain that the minimal number of generators of
the F,[Go]-module ((X1)g,) ® F, is exactly

n(M/K)+ (n(L/M)/p) + Ak — 1 =n(L/K) + A\ — 1.

Now we take Gay-coinvariants of ((X1)ag,) ® F,, which of course gives
((XL)e)®F,. On the other hand, taking G-coinvariants simply means
factoring out by 7. Therefore, we obtain

(Xp)e) @F, = (Xr)e, @ Fp)a,
~ (Z/pz)@n(L/K)JF)\K*l )

This shows that the minimal number of generators of the torsion part
of (X1)¢ (which is H™'(G, X1)) as a Z,-module is exactly n(L/K)—1
by Nakayama’s lemma. This completes the proof in this case.

Lemma 3.2. Let R be a discrete valuation ring and ™ a uniformizing
element. Suppose that M is an R/(7")-module with n > 3, and that
there is an exact sequence

0 — (R/(@")**®R/(x"7") — M — (R/(n")*'&(R/(7"1))* — 0

for some nonnegative integers a, b, c. Then the minimal number of
generators of M over R is a+ b+ c+ 1. In more detail, we have

M ~ (R/(z™)@HH0) @ (R/ (1) * 1720 g (R (7772))®°
with 6 =0 or 1.

We only sketch the idea of the proof of this lemma. First one uses
that R/(7™) is projective and injective as a module over itself. This
allows to reduce the situation to a = b = 0. The essential case is ¢ = 1.
One shows that an extension of R/(7"~!) by itself which is annihilated
by 7™ is either split or isomorphic to R/(7")® R/(7"~2). Since n —2 is
still positive, the claim follows. Let us remark that (as the reader may
have noticed) this lemma can be stated and proved more generally, but
we will not go into it since it is not needed here.
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Step 3 (general case). Now we assume G = (Z/pZ)®* with s > 2.
Let H be a subgroup of G, and M (H) the intermediate field of L/K
corresponding to H. The restriction map X;, — Xy p) on the

Galois groups induces the canonical homomorphism H NG, X)) —

HY(G/H, X M(#)) on the cohomology groups by the commutative di-
agram

0 —  HYG,X) — (X)) — Xk
. \l,can \LRes \l,id
0 — HYG/H,Xum) — Xum)em — Xk

where the horizontal exact sequences are the sequences obtained from
Proposition 2.3, the right vertical arrow is the identity map, the middle
vertical arrow is the restriction map, and the left vertical arrow is
induced by the middle vertical arrow. We call the left vertical arrow
can. The fundamental exact sequences for L/K and M(H)/K give a
commutative diagram

0 — A°G — HY(G, X)) — P, L(L/K)
J/ l,can J,Res
0 — A°G/H — HYG/H,Xum) — @,L(M(H)/K)

where I,(L/K), I,(M(H)/K) are the inertia subgroups of v in G, G/H,
respectively, the left vertical arrow is induced by the natural map G —
G/H, and the right vertical is defined by the restriction maps.

Let H be the set of subgroups of G with index p?. Considering all
H € H, we get a commutative diagram of exact sequences:

0 — AN G — H NG, X1) — @D, I.(L/K)
la s Ly
0 - PANeH — PHNG/H Xuwm) — P B, L(MH)/K).
HeH HeH HeH

Since G is elementary abelian, « is injective. It is also easy to see that
7 is injective. Therefore, 3 is also injective. Since G/H =~ (Z/pZ)®?,
we have shown in Step 2 that the range of g is annihilated by p. This
shows that H—(G, X) is annihilated by p. Therefore, by the funda-
mental exact sequence and the isomorphism (2), we have H (G, Xp) ~
(Z/pZ)®" with t as in Theorem 3.1. This completes the proof of The-
orem 3.1. Il

4. S-RAMIFIED IWASAWA MODULES AND THE MAIN CONJECTURE

In this section, we assume that L/k is a finite abelian extension of
totally real number fields such that L Nk, = k.

We first introduce the p-adic L-function of Deligne-Ribet. We put
A = Z,[[Gal(Lw/k)]]. We fix a generator v of Gal(Lw /L) ~ Z, and
put T'=~ — 1. Then we have A, = Z,[Gal(L/k)][[T]].
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Suppose that S is a finite set of primes of £ which contains all ram-
ifying primes in L. For simplicity, we assume that L(u,)" = L. We
denote the cyclotomic character by  : Gal(L(py)o0/k) — Z). For a
character x of Gal(L/k) and n € Z~q we regard xk™ as a p-adic char-
acter of Gal(L(fp)oo/k). The group homomorphism yx™ extends to a
ring homomorphism Ap, ) — @p. Furthermore, we can extend it to
the total quotient ring of Ay, and denote it also by xx". Then the
p-adic L-function of Deligne-Ribet is the unique element

1
Orec/ks € H L)

satisfying

XE" (O Lo /ks) = Ls(1 —n, )
for all positive integers n € Z-( and all characters x of Gal(L/k) where
Ls(s,x) is defined by Lg(s, x) = [[,es(1=x(v)N(v)~*)L(s, x). Since x
is even, Lg(1—mn,x) = 0 for odd positive n, so the complex conjugation
acts on Or,__ g trivially. Thus we know

1
@Loo/k’,S S TAL.

Next we study the algebraic object. Let X7, g be the Galois group of
Lr.. s/ Lo, the maximal abelian pro-p extension which are unramified
outside S. Therefore, X7, g is the Pontrjagin dual of the étale coho-
mology H*(Oy.. 5,Q,/Z,) (see the proof of Proposition 2.1). Let x be
a character of Gal(L/k), and O, = Z,[Image(x)] on which Gal(L/k)
acts via x. For a Z,[Gal(L/k)]-module M, we define the y-quotient by
M, = M ®z car/k)) Ox- Then (X s)y is a finitely generated torsion
(AL)y = Oy[|T)]-module. Let x : A — (AL), be the ring homomor-
phism induced by y. The main conjecture which was proved by Wiles
in [14] Theorem 1.3 (at least assuming the vanishing of the p-invariant)

is
char(y ) ((XL,s)y) = { gggﬁ;)ﬁ» i § i i

as ideals of (Ap), where the left hand side is the characteristic ideal. If
M is a finitely generated torsion (Ap),-module with no nontrivial finite
submodule, we know char,, (M) = Fitt(s,) (M) where the latter is
the (initial) Fitting ideal of M (cf. [10]). Thus the question arises
naturally whether TOr__ ;¢ is in Fitta, (X7 g) or not. The answer is
No if Gal(L/k) ® Z, is not cyclic. But using ©,__ /g, we can describe
the Fitting ideal in the following theorem.

Theorem 4.1. We assume the vanishing of the p-invariant of Xp.
Suppose that the p-Sylow subgroup of Gal(L/k) is generated by exactly
s elements. Then we have

Fitta, (Xr.s) = T *Acair/0)O L k.5



FITTING IDEALS OF IWASAWA MODULES 13

where a5 the ideal of Ap, defined in our previous paper [3] as
the Fitting ideal of a certain second syzygy module, which is determined
only by the p-Sylow subgroup of Gal(L/k).

Proof. This can be proved by the same method as Theorem 3.3 in [3].
In that paper we assumed that S = S, so that X ¢ agrees with X.
But this is the only difference; all the arguments carry over unchanged
to general S D S,

We cannot reproduce the proof of the quoted theorem here, but
let us at least say something on the ideal Tl_SQlGal( r/k)- The precise
definition is to be found in §1 of loc. cit. Let A be the non-p-part
of Gal(L/k) and G be the p-part, in particular, Gal(L/k) ~ A x G.
The ideal gar/k) is a purely algebraic invariant that depends only
on (. For every character £ of A except for the trivial character, the
&-component of TI’SQlGal(L /k) is the unit ideal. We regard the trivial
character component (7" *Ugaiz/k))' = T (Acai(r/w))" as an ideal of
A{G] The ideal (QlGal(L/k))l is defined by (QlGal(L/k)>1 = FittA[G}(QQ)
with a certain explicit second syzygy €2 of the module Z over G with
trivial Gal(ke/k)-action. O

We explain the ideal (gair/x))" a little more. Let Injg = Ker(A[G] =
Z,||Gal(kx/k) X G])] — Z,) be the augmentation ideal of Gal(ks/k) X
G. Write G = Z/p™ x ... x Z/p™ with ny < ... < n,. Define Jyig
to be the ideal generated by Ixjg and p™. Then (T *Ugar/k))' is
contained, with finite index, in the ideal I of A[G]. We also have

(T *Agarmy)' C Iag Ji([al)/z

(see Propositions 1.6 and 1.5 in [3]); one can check this in the following
way. Let I be the augmentation ideal of Z,[G] and Ji the ideal of
Z,|G) generated by Ig and p™. Then ny in [3] §1 satisfies ng C Jg,
which implies my C J& by Proposition 1.5 in [3] where my is the ideal
of Z,|G|] appearing in Proposition 1.6 in [3]. We also note m;;; C IgJ&
for t = s(s — 1)/2, since any monomial appearing in a (¢ + 1)-minor of
M, can only have ¢ factors of type v and therefore must have at least
one factor of type 7. Thus Proposition 1.6 in [3] implies the above
inclusion.

5. THE FITTING IDEAL OF THE p-RAMIFIED [WASAWA MODULE
OVER A TOTALLY REAL NUMBER FIELD

In this section, L/k is as in the previous section, but we do not
assume L = L(u,)". We put Ay = Z,[[Gal(Loo/k)]]. Asin §2 let X, be
the Galois group of the maximal abelian pro-p extension Ly s, /Loo,
which is unramified outside p. We call X the p-ramified Iwasawa
module of L..; it is a module over Aj.

For L(p,)", consider O Lyt ks defined in the previous section.
When we take S to be minimal, namely the set of ramifying primes
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of k in L(p,)%, we simply write ©, 1+, for O, \+ 4 5. We note
that [L(u,)* : L] is prime to p, which implies that Ay, can be regarded
as a direct summand of Ap,y+. We denote by O, € Ar the Ag-
component of O+ . We are interested in whether 70,y is in

the Fitting ideal Fitty, (X) or not.

Theorem 5.1. Suppose that L/k is a finite abelian extension of totally
real number fields such that LNky, = k. We assume that L/k contains
an intermediate field K such that K C k(p,)™ and Gal(L/K) is ele-
mentary p-abelian. We write Gal(L/K) = (Z/pZ)®* for some s > 0.
We also assume the vanishing of the p-invariant of Xy and one of the
following conditions.

(i) s =2 and Lo/ K is unramified outside p.

(ii) s = 3 and Lo /K contains an intermediate field L”. which is
unramified outside p and [L7, : K| = p.

(ifi) s > 4.
Then we have
TOL k= (v = 1)Or i & Fitta, (X1).

Remark 5.2. When k£ = Q, then (i) and (ii) never occur. This is be-
cause if L/Q is a finite abelian p-extension which is unramified outside
p, then L is contained in Q4. But, of course, (iii) does occur.

Proof of Thm. 5.1. We may assume that K = k. In fact, put A =
Gal(K/k), and regard it as a subgroup of Gal(L/k). Let L(A) be the
intermediate field of L/k such that Gal(L/L(A)) = A, so L(A)/k is a
p-extension. Then, since #A is prime to p, Az a) is a direct summand
of Ap. The Apay-component of ©p_ /i is ©p(a). sk because the set of
primes of k£ ramifying in L., coincides with the set of primes of k rami-
flelg in L(A)OO Since Hl(OL(A)OO,Sp; Qp/Zp) — Hl(OLoo,Spa @p/ZP>A
is bijective, the Apa)-component of X is Xya). Therefore the con-
clusion of Theorem 5.1 for the extension L(A)/k implies the conclusion
of Theorem 5.1 for L/k.

We suppose K = k from now on. We put A = Ay, = Z,[[Gal(koo /k)]] =~
Zy([T]]. We first consider the restriction homomorphism cp_ k. :
A, — A. Let S’ be the set of non p-adic ramifying primes of k
in L. Since only p-adic primes are ramified in k., /k, we have

CLoo/koo (T@Loo/k’) = (H (1 — N(U)_IQOU))T@kOO/k - A
veSs’

where ¢, is the Frobenius of v in Gal(kw/k). By the main conjecture
proved by Wiles [14] (see §4), T'Oy,__/, generates the characteristic ideal
of Xj. Therefore, its image modulo p € A/p = F,[[T]] satisfies

ordy (T Ok, s mod p) = Ay,
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where A, is the A-invariant of X, and ordy is the normalized additive
valuation of F,[[T]], because we are assuming the vanishing of the pu-
invariant.

Since v is ramified in L, we know N(v) = 1 (mod p). Therefore, we
have

ordT(H (1-N(@) 'p,) mod p) = ordT(H (1 — ¢,) mod p)

veSs’ veS’

= ) ordy((1 - ¢,) mod p)

veSs’
o !
= #Skoo

where S} is the set of primes of k. above S’. Thus the image of
TOr. /i in Ay ® F, satisfies

(3) ordr(cro, sk (TOL i) mod p) = A, + #5),__.

Next applying Theorem 3.1 to L/k, we have ((X1)cair/k) @ Fp ~
(Z/pZ)®" with

-3
(4) t:S“Q f+#%w+e+Ah
where € = dimp, Gal(LZ, /ks) with L" as in (ii). If (i) is satisfied, then
e =2and s(s —3)/24+¢€ =1 > 0. If (ii) is satisfied, then ¢ > 1,
and s(s —3)/2+e€ > 1> 0. If (iii) is satisfied, then s(s —3)/2 + ¢ >
s(s —3)/2 > 0. In any case, by the equations (3), (4), we have

t > ordr(cro ko (TOL k) mod p).

After these preparations, suppose now that 70,,__ is in Fitty, (X1).
This would imply

CLoo/koo (T@Loo/k:) mod P - FittFp[[TH<(XL>GaI(L/k) X Fp) = (Tt)

This contradicts the above inequality. Therefore, we have TO__ ), €
Fitta, (X1). O

6. THE FITTING IDEAL OF THE DUALIZED IWASAWA MODULE

By the duality we mentioned in Remark 2.2, Theorem 5.1 implies the
result on the minus class group that we explained in the Introduction.
We now give the details of this implication.

For the ideal class group of a number field F', the p-component of
the class group is denoted by Ap, namely Ap = Clp ® Z,. For a CM-
field L and the cyclotomic Z,-extension L.,/L and the n-th layer L,,
we define A; = liin Ay, which is a discrete A, = Z,[[Gal(Ls/k)]]-

module. We consider the Pontrjagin dual (A;_ )Y with the cogredient
action of Gal(Ls/k). So it is a compact Az-module.
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For a finite abelian extension L/k where k is totally real and L is a
CM-field, the Stickelberger element 6/, € Q[Gal(L/k)] is the unique
element which satisfies

x(0r/k) = Lg, (0,x7")

for all characters y of Gal(L/k) where we extended x to the ring ho-
momorphism y : Q[Gal(L/k)] — Q(Image(x)) and Sy, is the set of
ramifying primes of k in L. Let L, L, be as in the previous para-
graph. Then 6,/ becomes a projective system for n > 0. Let ~
be the generator we fixed and x the cyclotomic character. We know
(v — k(¥)0r, )k € Zp|Gal(L,/k)] and denote the projective limit by

(v = k()00 € AL

Theorem 6.1. Assume ezactly the same conditions as in Theorem 5.1,
including the list of conditions (i), (ii), (iii), with the exception that
now K = k(u,) instead of K C k(u,)*, and “L is CM” instead of “L
18 totally real”. Then we have

(v = ()00 sk & Fitta, ((Ar,)")-

Remark 6.2. (1) When L/K is unramified outside p (and in particu-
lar when we assume (i)), the above result was already obtained in our
previous papers [8], [3].

(2) It is somewhat surprising that this corollary also applies in the case
k = Q and suitable abelian fields L. Indeed, the paper [7] determines
the Fitting ideal of the non-dualised class group over L., and it con-
tains the left hand side of the non-inclusion displayed in the theorem.
In particular, in many cases the Fitting ideals of the class group of an
abelian number field and of its dual cannot be equal. We will see such
cases in §§7.8.

Proof of Thm. 6.1. Suppose that x : Gal(Lw/k) — Z is the cyclo-
tomic character. Let 7, ¢ be the automorphisms of the total quotient
ring of A induced by o — k(o)o, o — o~ ! respectively, for any
o € Gal(Ly/k). Then we know

T(OLe/k) = OLoesi

and v7(T) = k(y)y' —1. Let A;_ be the minus part of Ay (the part
on which the complex conjugation acts as —1). The Kummer pairing
gives a natural isomorphism

(Ap V(1) ~ X1+
(see [13] Proposition 13.32). Therefore, Theorem 5.1 implies
(5N = Dbryi € Fitta, (A7),
which completes the proof. O
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Remark 6.3. Put A = Gal(K/k) and let w : A — ZX be the
Teichmiiller character. Since the order of A is prime to p, Z,[A] is
decomposed into character components, so any Z,[A]-module M is de-
composed into character components, M = @5 M¢ where £ runs over
Qp-conjugacy classes of characters of A. By the same method as the
proof of Theorem 6.1, we see that

(v = k()0 k)’ & Fittas ((A7_)Y)

where the left hand side is the w-component of the element (y —
k(7))0r. k- In fact, taking the w-component of the isomorphism of
the Kummer pairing in the proof of Theorem 6.1, we have

(A7)7(1) = Xy
where L(A) is the intermediate field of L/k such that Gal(L/L(A)) =

A. Since TOrA)./k & FittAL(A)(XL(A)) by Theorem 5.1, we get the
above statement on the w-component.

7. RESULTS AT NUMBER FIELD LEVEL

In this section, we study some consequences of Theorem 6.1 over
number fields of finite degree. For simplicity, we assume k = Q. We
note that the vanishing of the p-invariant is proved by Ferrero and
Washington. We repeat that the cases (i) and (ii) in Theorem 6.1
never happen over k = Q, and so we may concentrate on the case (iii).

Corollary 7.1. Suppose that L/Q is a finite abelian extension such
that p, C L, pye ¢ L, and Gal(L/Q(up)) =~ (Z/pZ)®* for some s > 4.
Let S be the set of prime numbers ramifying in L, and S" = S\ {p}.
We take n € Z~qy such that

P> Zpordp(ﬁ—l)—l ]
tes’
Let L, be the n-th layer of Loo/L (so L, = L(pyn+1)), and R, =
Z,|Gal(L,/Q)]. Then we have

Anan (Mp"+1>6Ln/Q ¢ FlttRn((ALn>v),

where Annpg, (pyn+1) is the annihilator ideal of pim+1 in R,. More pre-
cisely,

(Anng, ()01, /0) ¢ Fittry ((A7,)Y)
holds.
Proof. As in the previous sections, suppose that 7 is a generator of
Gal(Ly/L). We regard 7y as a generator of Gal(L,,/L). It is well-known

that (y—k(7))0r, /0 € Ry, and is, of course, in Anng, (ppn+1)05, 0. We
will show that

((v = £(1))0./0)* & Fittry ((A7,)").
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Put K = Q(u,), A = Gal(K/Q), and G = Gal(L/K). As in
Remark 6.3, we denote by L(A) the intermediate field of L/Q such
that Gal(L/L(A)) = A. Put G = Gal(L(A)/Q) = Gal(L/Q(pp)) =
(Z/pZ)®s. Tt is well-known that Xg = 0. Therefore, applying Theorem
3.1 for L(A)/Q, we have

(Xray)e = H NG, X)) ~ (Z/pZ)®

where
-3
—8(82 )—1—#5’(’@ .

In particular, (Xz(a))q is an F,-vector space. More precisely, consider
the fundamental exact sequence
2
0— /\G — Ifl‘l(G,XL(A)) — @ F, — G — 0.
vESY
We regard ~ as a generator of Gal(Q../Q), and put T'= v —1 as before.
Then v acts on G trivially, and @ F, ~ F,[[T]]/(T?") where r =
vESy,vl¢
ord,(¢ — 1) — 1 (note that ord,(¢ — 1) > 1). By our assumption, n > r
holds. Therefore, TP"~" annihilates D.c s F,. Since T annihilates
A’ G, we know that (p, T*") annihilates H~ (G, X))
By the isomorphism (A7 )Y ~ Xa)(—1), we have isomorphisms of
A = Ag_ -modules
(A7) = (Xpa)a(=1) = HHG, Xia) (=)
~ H_I(G, XL(A))'
Here, we used pﬁ_l(G, X)) = 0 to get the second isomorphism. Put
', = Gal(Ls/L,), which is generated by v*". Since (p, T?") annihilates
H™ (G, X)), we have

(A7 )T ~ H NG, Xpa))r, = H NG, X))
Since the p-adic primes of LI are ramified in L,, the natural map
A; — (Ap_)" is bijective. Therefore, we get
((A2))a =~ H NG, Xpa).

Now we can proceed in the same way as in the proof of Theorem
5.1. Suppose that ((y —x(7))0r,/0) is in Fitt s ((A7 )¥). This would
imply

T#% 105 € Fitt, (1)) (H (G, Xp(a))) = (T
where ¢ is as above and satisfies t > #.S5_ because of our assumption
s > 4. This is a contradiction because T'0%; is a unit of Z,[Gal(K,,/Q)]*
and p" > ZéeS’ pordp(éfl)*l _ #S(/@oo 0
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Corollary 7.2. Suppose that p is an odd prime and

m=p" ﬁﬁi
i=1

satisfying
(i) s >4,
(i) 4; =1 (mod p) for alli=1,...,s,

(111) pnfl > Zpordp(ﬁi—l)—l
i=1
We put L = Q). Then we have
(Annzicai(/) (Hm)01/0) ® Zy & Fittz, caw/e) (AL)-

In particular, the classical Stickelberger ideal of L by Iwasawa and
Sinnott which contains Anngigay /o) (im)0r/q does not coincide with

FittZ[Gal(L/Q)] (Clz) .
Proof. Clearly, L has a unique subfield L’ such that the conductor of

L' is m/p"~!, L' contains Q(u,,), and Gal(L'/Q(up)) ~ (Z/pZ)®*. Put
F = L'(jyn). By Corollary 7.1, we have

(Annz, (Gair/e) (1 )0r/0)” & Fittz, car/o)- ((AF))-
Since the conductor of F' is m, the image of 0,¢ in Q[Gal(F/Q)] is
Or/g. Since Gal(L/F) is generated by the inertia subgroups of the
ramified primes, the natural map A, — A, is injective. Therefore,

cryp(Fittz, car/o- ((A7)Y)) C Fittz, jcaw/ope ((A%)Y),

where cp/p 1 Zp|Gal(L/Q)]Y — Z,[Gal(F/Q)]* is the restriction map.
This implies that

(Anngz, jcainyo) (e )010)* € Fittz, (car/oye ((A7)Y),

which implies the conclusion. O

Remark 7.3. For example, m = 27-7-13-19-31 satisfies the conditions
of Corollary 7.2 for p = 3.

8. THE CASE s =2

We have studied the Fitting ideal of the minus class group of an
abelian field L whose Galois group over Q has p-rank > 4 (namely,
s = dimy, Gal(L/Q) ® F, > 4). In this section, let us examine several
examples in the case s = 2 for k = Q.

Consider the subset P = {¢ | ¢ = 1(mod p)} of the set of prime
numbers. For ¢ € P, we denote by F({) the subfield of Q(u,) of
degree p. For two primes (1,0, € P, we define F(¢1,{3) to be the
composite field of F(¢) and F({3), L(¢1) = F(¢1)(pp,) and L4y, 4s) =
(b1, 6) (pp)-
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Proposition 8.1. Let {1, {5 be two primes in P, and assume {1 Z 1
(mod p?). Put L = L({y,43), and G = Gal(L/Q(u,)) = Gal(F ({1, (2)/Q).
(1) We have A3, = 0.
(2) For any ly € P, AY is generated by one element as a Z,|G]-
module.
(3) Suppose that ly satisfies at least one of the following conditions:

(i) €2 # 1 (mod p?);
(i) ¢5 does not split completely in F({y).
Then we have
Fittz, 6 ((A7)") = Fittz,[c)(A}).

(4) Suppose that 5 satisfies neither (i) nor (ii) above. Then Ng,
is in Fittg ()(A7), but not in Fittz g)((AF)Y) where Gy =
Gal(L/L(¢,)) and Ng, is the norm element of Go in Z,[G].
In particular, we have

Fittz,(c)((A7)") # Fittz,(c)(A7).

Proof. We first note that the natural maps ALLU( o — A ALLU(Zi) N
Aiz(fi)m’ A — A7 __ are all injective.

(1) Put G; = Gal(F(¢1)/Q). By our assumption ¢; # 1 (mod p?), there
is only one prime of F(¢1) above ¢;. It follows from the fundamental
exact sequence for F'(¢1)/Q that ﬁil(Gl,XF(gl)) = 0. Since Xg =0,
this implies that Xp(,) = 0 by Proposition 2.3. Since (A7 ,,, )" (1) ~
Xr(), we also have A“LJ(ZI) =0.

(2) Let w; be a prime of L({y,¢3) above ¢;. We denote by r(w;) the
residue field of w;, and by Dy, the decomposition group of w; in G. We
need the following lemma.

Lemma 8.2. We have an exact sequence

FIO(G> :up) — HO(D&? ’%<w1)x) > [:[0<D€27 H<w2>x) — I:[_I(G> Af)
— Hl(Gnu’p) i) H1<D517/€(w1>x) ® H1<D€27K/(w2>x) — [A{O(GaAUIJ,)

— H3(G, py) 25 HA(Dy,, i5(wn)*) @ H(Dy,, 1i(ws)*).
where G acts on p, trivially. The map fi is bijective. The group
HI(Dy,, k(w;)*) is of order p for any i, j € {0,1,2}.

Proof of Lemma 8.2. This exact sequence is obtained from the exact
sequence in the last line on page 411 in [8]. We know H'(Dy,, k(w;)*) =
HY(Dy,,U,,) ~ Z/ew,Z = Z/pZ where Uy, is the unit group of the
integer ring of L,,, and e,, is the ramification index of w; in L/Q(u,).
It is well-known that the kernel of f; is isomorphic to the kernel of
Aa(#p) — Af(el,eg)- But Aé(“p) = 0, so the kernel of f; is zero. Since
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both the source and the range of f; have order p?, the injectivity of f;
implies the bijectivity of f;. Finally, H°(Dy,, x(w;)*) is isomorphic to
the inertia group of ¢; in G' by local class field theory, so it has order
p. This completes the proof of Lemma 8.2.

We go back to the proof of Proposition 8.1. In the exact sequence in
Lemma 8.2, since {1 # 1 (mod p?), we have HO(Dy,, k(w;)*) = F; ®
7./pZ ~ p,, and the natural map H(G, p1,) = p, — HO(Dy,, (wy)*)
— yu, is bijective. Therefore, it follows from Lemma 8.2 that H~'(G, A%)
is isomorphic to Z/pZ. Since Ay, ) = 0, we know that A7 is generated
by one element as a G-module.

(3) We prove that (AY)Y is generated by one element as a G-module
under the assumption in (3). Let us first assume that the condition (i)
holds. By the fundamental exact sequence for F'(¢y,(s)/Q,

2
0 — /\G — HYG, Xpy 1)) — EB Z)pZ — G — 0
v[€1l2

is exact. Since neither ¢; nor /¢y splits in Q.. by our assumption (i),
we know €D,y 4, Z/PZ ~= (Z/pZ)*?, which implies H G, X, 1)) =
Z/pZ by the above exact sequence. Since Xq = 0, Xp(r, ¢,) is generated
by one element as a G-module by Nakayama’s lemma. Therefore, using
the duality isomorphism as in (1), we get the cyclicity of (AY)Y.

Next, we assume the condition (ii). Put Gy = Gal(F'(¢1,¢3)/F(¢1)).
By the fundamental exact sequence for F(¢1,05)/F(¢y),

0 — H ' (Go, Xpor0) — D Z/HZ — G2 — 0

v|la

is exact where v runs over primes of F({;), above ¢5. By our as-
sumption (ii), &,s, Z/pZ is a quotient of Fy[[Gal(F({1)s0/F ((1))] =
F,[[Gal(Qw/Q)]] and the third map in the exact sequence is induced
by the augmentation map F,[[Gal(Q./Q)]] — F,. It follows that
H_I(GQ,XF(Zl,[z)) is cyclic as a Ag-module. Since Xp,) = 0 by (1),
we have (Xre, 0))a, = H (G, X, 1)) by Proposition 2.3. There-
fore, by Nakayama’s lemma, Xp(, 4,) is generated by one element as
a Ap(, ¢,)-module. Thus, by the same method as above, we get the
cyclicity of (AY)Y.

By (2) and the above, both AY and (AY)Y are cyclic as Z,[G]-
modules. Therefore, we obtain

Fittzp[g](A‘z) == Fittzp[g]((Af)v) = Anan[G] (Af)

This completes the proof of (3).
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(4) Since A7,y = 0 by (1), Ng, is in Anng,g(A7). Therefore, it is
also in Fitty, q(Af) because Af is cyclic by (2).

Consider the homomorphism H?(G, p,) — H?*(Dy,, £(w2)*), which
is obtained by the composition of f; in Lemma 8.2 and the second
projection. Since {5 splits completely in L(¢;) and ramifies in L/L(¢;),
k(wg) = Fy,. Put ry = ord,(fs — 1). By our assumption ¢, = 1 (mod
p?), we have ro > 1. Then H?*(Dy,, k(w2)*) = H?(Dy,, jtpr=) and the
above map

H*(G, ptp) — H*(Dyy, :(w2)*) = H*(Dyy, p1y>)

is induced by the natural homomorphisms Dy, — G, pt, — ptpr2. In
particular, it factors through H?(Dy,, p1,). Recall that Dy, is cyclic of
order p. Therefore, H*(Dy,, j1,) — H?*(D,, ptpr2) is the zero map. It
follows that the F,-dimension of the image of f; in Lemma 8.2 is equal
to or smaller than 1. By Lemma 8.2, we have

dimy, ((A7)%) > dimg, H*(G, p,) —1=3—1=2.
Suppose that o € Zy[G] is in Fittz, ) ((A7)Y). Let ¢ : Z,[G] — Z,

be the augmentation map. We have c(a) € Fittz, (((A%)“)Y), so p?
divides c(a) because dimg ((A9)) > 2. Namely, we get

a € Fittg (¢)((47)") = p°|c(w).

This shows that Ng, is not in Fittz ¢((A%)Y) because ¢(Ng,) = p.
This completes the proof of Proposition 8.1.
U

Remark 8.3. Suppose that n is a product of primes in P. We define
n@(ﬂnz)) by
Q) = OQunp)/@ — VOQ(u) Qs

where v is the corestriction map. It is easy to see that ng,, €
Z,|Gal(Q(pnp)/Q)]. For any field F' with conductor np, we define np
by the image of ng(,,,). Let ©(L) C Z,[Gal(L/Q)] be the Stickelberger
ideal in the sense of Sinnott [12] (or in the sense of the second author
[7]). We regard O(L) as an ideal of the minus part Z,[Gal(L/Q)]~. We
can check that ©(L) of L = L(¢;, l5) is generated by four elements, to
wit, nr, vnre,) with @ = 1,2, and prg(,,),o with suitable corestriction
maps v. By the main theorem in [9] (or Theorem 0.6 in [7]) we have

Fitth[Gal(L/Q)}* (AZ) = @(L)
We have seen in Proposition 8.1 that
Fittz, caz/o)-((AL)7) # O(L)
if L satisfies the condition of Proposition 8.1 (4).

Remark 8.4. We give numerical examples. Take p = 3 and ¢; = 7.
Then all {5 € P with ¢y < 127 satisfy the condition of Proposition 8.1
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(3) (more precisely, £, = 13, 19, 31, 43, 61, 67, 73, 79, 97, 103, 109
satisfy the condition).

The first prime which does not satisfy the condition is ¢, = 127. Let
us examine this case in detail. For L = L(7,127), take a generator
o of Gal(F(7)/Q) and 7 € Gal(F(127)/Q) such that o(¢;) = ¢} and
7(Cia7) = (yr. We write 0 =1+ S and 7 =1+ T, and

Z,G) = 2,1, T)/((1 + S)* — 1,(1 + T)° — 1)

where G is as in Proposition 8.1. (Note: the above T" has no relation
with 7" in the previous sections.) Let 1, be as in Remark 8.3. We
regard 7y, as an element of Z,[Gal(L/Q)]” = Z,|G]. One can compute

N = —2(126 + 1265 + 4252 + 1237 4 123ST + 44S8>T + 4072 + 39ST? 4- 155°T?).

Let us not write out the others, but note that vnrr) is 1+ 7 + 72

times a unit since Ag(,,) = 0. Then we can compute numerically the
Stickelberger ideal ©(L) of L. The result is

(5) O(L) = (3,S*T,T%) C Z,[G).

We know Ap+ =0, so we have A, = A = AY. Since Ay is cyclic by
Proposition 8.1 (2), we have

AL ~Z,[G)/O(L) = Z,[G]/(3,5°T.T?)
(6) = FP[SuT]/(S37S2TJT2)'
In particular, as an abelian group, we have Ay ~ (Z/pZ)®°. The
structure of Ay as an abelian group can be also checked by direct
computation. We thank Jiro Nomura very much for his computing the
structure as an abelian group of Ay, 4,y for several £y, /5 by Pari-GP.
By the isomorphism (6), we can also compute generators and rela-

tions of AY. We find that A} is generated by two elements and its
Fitting ideal is

(7) Fittz, ¢ (A}) = (9,3T,38, ST, T*).
It follows from (6) and (7) that
Fittz, (¢(A}) C Fittz,¢(Ar) = (3, S°T, T?).
By (7) we also see
n € Fittz,q)(Ar),
but
v & Fittz, ¢ (A7)

because vnpr) is 14+ 7+ 72 =3+ 3T + T? up to a unit factor.
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