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ABSTRACT. For a CM-field K which is abelian over a totally real
number field £ and a prime number p, we show that the structure of
the x-component A% of the p-component of the class group of K is de-
termined by Stickelberger elements (zeta values) (of fields containing
K) for an odd character x of Gal(K/k) satisfying certain conditions.
This is a generalization of a theorem of Kolyvagin and Rubin. We de-
fine higher Stickelberger ideals using Stickelberger elements, and show
that they are equal to the higher Fitting ideals. We also construct and
study an Euler system of Gauss sum type for such fields. In the ap-
pendix, we determine the initial Fitting ideal of the non-Teichmiiller
component of the ideal class group of the cyclotomic Z,-extension of
a general CM-field which is abelian over k.

0 INTRODUCTION

It is well-known that the cyclotomic units give a typical example of Euler
systems. Euler systems of this type were systematically investigated by Kato
[8], Perrin-Riou [14], and in the book by Rubin [18]. In this paper, we propose
to study Euler systems of Gauss sum type which are not Euler systems in the
sense of [18]. We construct an Euler system in the multiplicative groups of
CM-fields, which is a generalization of the Euler system of Gauss sums, and
generalize a structure theorem of Kolyvagin and Rubin for the minus class
groups of imaginary abelian fields to general CM-fields.

The aim of this paper is to prove the structure theorem (Theorem 0.1 below),
and we do not pursue general results on the Fuler systems of Gauss sum type in
this paper. One of very deep and remarkable works of Kato is his construction

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2007) 539-564



540 MASATO KURIHARA

of the Euler system (which lies in H!(T)) for a Z,-representation T" associated
to a modular form. We remark that we do not have an Euler system of Gauss
sum type in HY(T), but fixing n > 0 we can find an Euler system of Gauss
sum type in H*(T/p™), which will be studied in our forthcoming paper.

We will describe our main result. Let k& be a totally real number field, and K
be a CM-field containing k such that K/k is finite and abelian. We consider
an odd prime number p and the p-primary component Ax = Clg ® Z, of the
ideal class group of K. Suppose that p does not divide [K : k]. Then, Ag
is decomposed into A = @X A}% where A}% is the y-component which is an
Oy-module (where O, = Z,[Image x|, for the precise definition, see 1.1), and
X ranges over Q,-conjugacy classes of Q_px—valued characters of Gal(K/k) (see
also 1.1).

For k = Q and K = Q(gp) (the cyclotomic field of p-th roots of unity),
Rubin in [17] described the detail of Kolyvagin’s method ([10] Theorem 7),
and determined the structure of A Q) 85 8 Z,-module for an odd y, by using
the Euler system of Gauss sums (Rubin [17] Theorem 4.4). We generalize this
result to arbitrary CM-fields.

In our previous paper [11], we proposed a new definition of the Stickelberger
ideal. 1In this paper, for certain CM-fields, we define higher Stickelberger
ideals which correspond to higher Fitting ideals. In §3, using the Stickel-
berger elements of fields containing K, we define the higher Stickelberger ideals
©i Kk C Z,[Gal(K/k)] for i > 0 (cf. 3.2). Our definition is different from Ru-
bin’s. (Rubin defined the higher Stickelberger ideal using the argument of Euler
systems. We do not use the argument of Euler systems to define our ©; g.)
We remark that our ©; i is numerically computable, since the Stickelberger
elements are numerically computable. We consider the x-component 9?’ K
We study the structure of the x-component A% as an O,-module. We note
that p is a prime element of O, because the order of Image x is prime to p.

THEOREM 0.1. We assume that the Iwasawa p-invariant of K is zero (cf.
Proposition 2.1), and x is an odd character of Gal(K/k) such that x # w (where
w is the Teichmdiller character giving the action on ), and that x(p) # 1 for
every prime p of k above p. Suppose that

Afe = Oy /(™) © ... © Oy /(p"")
with 0 < ny < ... <n,. Then, for any i with 0 < i < r, we have
(pn1+.--+nr_1:) — @XK

and ©F j = (1) for i > r. Namely,

Aj ~ @GZK/@?—l K
i>1
In the case K = Q(up) and k = Q, Theorem 0.1 is equivalent to Theorem 4.4
in Rubin [17].
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This theorem says that the structure of A% as an O,-module is determined by
the Stickelberger elements. Since the Stickelberger elements are defined from
the partial zeta functions, we may view our theorem as a manifestation of a very
general phenomena in number theory that zeta functions give us information
on various important arithmetic objects.

In general, for a commutative ring R and an R-module M such that
R" LR — M —0

is an exact sequence of R-modules, the i-th Fitting ideal of M is defined to be
the ideal of R generated by all (r—i) x (r—i) minors of the matrix corresponding
to f for ¢ with 0 <4 < r. If i > r, it is defined to be R. (For more details, see
Northcott [13]). Using this terminology, Theorem 0.1 can be simply stated as

Fitt; 0, (A%) = 07k

for all 7 > 0.

The proof of Theorem 0.1 is divided into two parts. We first prove the inclusion
Fitt; 0, (A%) D O] k. To do this, we need to consider a general CM-field which
contains K. Suppose that F is a CM-field containing K such that F/k is
abelian, and F/K is a p-extension. Put Rp = Z,[Gal(F/k)]. For a character x
satisfying the conditions in Theorem 0.1, we consider R}, = O, [Gal(F/K)] and
AY, = Ap ®p, R} where Gal(K/k) acts on O, via x. For the x-component
0% € R} of the Stickelberger element of F' (cf. 1.2), we do not know whether
0% € Fittg zx (A)) always holds or not (cf. Popescu [15] for function fields).
But we will show in Corollary 2.4 that the dual version of this statement holds,
namely

(65) € Fitt, 1 ((AF)Y)

where ¢ : Rp — Rp is the map induced by ¢ — o~ for ¢ € Gal(F/k), and

(A%)Y is the Pontrjagin dual of A%.. We can also determine the right hand side

Fitt, .1 ((A%)Y). In the Appendix, for the cyclotomic Z,-extension F../F,
VR

we determine the initial Fitting ideal of (the Pontrjagin dual of) the non-
w component of the p-primary component of the ideal class group of F,, as
a Ap = Z,[|Gal(Fx/k)]]-module (we determine Fitto s, ((AFr,)Y) except w-
component, see Theorem A.5). But for the proof of Theorem 0.1, we only
need Corollary 2.4 which can be proved more simply than Theorem A.5, so
we postpone Theorem A.5 and its proof until the Appendix. Concerning the
Iwasawa module Xp_ = limAp, where F,, is the n-th layer of F./F, we

computed in [11] the initial Fitting ideal under certain hypotheses, for example,
if F'/Q is abelian. Greither in his recent paper [4] computed the initial Fitting
ideal of X more generally.

In our previous paper [11] §8, we showed that information on the initial Fitting
ideal of the class group of F' yields information on the higher Fitting ideals of
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the class group of K. Using this method, we will show Fitt; o, (A%) D O}k in
Proposition 3.2.

In order to prove the other inclusion, we will use the argument of Euler systems.
By Corollary 2.4 which was mentioned above, we obtain

LAY = 0.

(We remark that this has been obtained recently also in Greither [4] Corollary
2.7.) Using this property, we show that for any finite prime p of F there is
an element gy € (F* ® Zy)X such that div(gy ) = 0F[p]¥ in the divisor
group where [p] is the divisor corresponding to p (for the precise relation, see
84). These g?fﬂ’ ,'S become an Euler system of Gauss sum type (see §4). For
the Euler system of Gauss sums, a crucial property is Theorem 2.4 in Rubin
[18] which is a property on the image in finite fields, and which was proved by
Kolyvagin, based on the explicit form of Gauss sums. But we do not know the
explicit form of our g}% p» S0 we prove, by a completely different method, the
corresponding property (Proposition 4.7) which is a key proposition in §4.

It is possible to generalize Theorem 0.1 to characters of order divisible by p sat-
isfying some conditions. We hope to come back to this point in our forthcoming

paper.

I would like to express my sincere gratitude to K. Kato for introducing me to
the world of arithmetic when I was a student in the 1980’s. It is my great
pleasure to dedicate this paper to Kato on the occasion of his 50th birthday.
I would like to thank C. Popescu heartily for a valuable discussion on Euler
systems. I obtained the idea of studying the elements g}fﬂ, o from him. I would
also like to thank the referee for his careful reading of this manuscript, and for
his pointing out an error in the first version of this paper. I heartily thank C.
Greither for sending me his recent preprint [4].

Notation

Throughout this paper, p denotes a fixed odd prime number. We denote by
ordy, : Q* — Z the normalized discrete valuation at p. For a positive integer
n, Wy, denotes the group of all n-th roots of unity. For a number field F', Op
denotes the ring of integers. For a group G and a G-module M, M denotes the
G-invariant part of M (the maximal subgroup of M on which G acts trivially),
and M¢ denotes the G-coinvariant of M (the maximal quotient of M on which
G acts trivially). For a commutative ring R, R* denotes the unit group.
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1 PRELIMINARIES

1.1. Let G be a profinite abelian group such that G = A x G’ where #A is finite
and prime to p, and G’ is a pro-p group. We consider the completed group ring
Z,,[[G]] which is decomposed into

Z,(9)) = Z,[A][[G']] ~ D O, [1G]

where x ranges over all representatives of Q,-conjugacy classes of characters
of A (a Q_px—v@ed character y is said to be Qp-conjugate to x’ if ox = x’ for
some ¢ € Gal(Q,/Qp)), and Oy, is Z,[Image x] as a Z,-module, and A acts on
it via x (oz = x(0)x for 0 € A and z € Oy). Hence, any Z,[[G]]-module M is
decomposed into M ~ ), MX where

MX = M ®z,(a] Ox = M ®z,(16) O[[¢']].

In particular, MX is an O,[[G']]-module. For an element z of M, the x-
component of x is denoted by zX € MX.
Let 1o be the trivial character o +— 1 of A. We denote by M! the trivial
character component, and define M* to be the component obtained from M
by removing M*, namely

M=M"o M.
Suppose further that G’ = G x G” where G is a finite p-group. Let v be a
character of G. We regard Y1) as a character of Gy = A x G, and define MX¥
by MX¥ = M ®z,(g,] Oxyp Where Oy is Oyy = Zp[Image x1)] on which Gy acts
via x1. By definition, if x # 1a, we have MX¥ ~ (M*)X¥,

Let k be a totally real number field and F' be a CM-field such that F'/k is finite
and abelian, and p, C F. We denote by Fs/F the cyclotomic Z,-extension,
and put G = Gal(F /k). We write G = A x G’ as above. A Z,[[G]]-module M
is decomposed into M = M+ @ M~ with respect to the action of the complex
conjugation where M¥* is the +-eigenspace. By definition, M~ = @X:Odd MX
where y ranges over all odd characters of A. We consider the Teichmiiller
character w giving the action of A on p,, and define M~ to be the component
obtained from M~ by removing M*“, namely

M~ =M~ M*“.

For an element x of M, we write ™~ the component of z in M™.

1.2. Let k, F, F be as in 1.1, and S be a finite set of finite primes of k
containing all the primes which ramify in F//k. We define in the usual way the
partial zeta function for o € Gal(F/k) by

Cs(s,0) = Z N(a)~™*
(a,F/k)=0c
a is prime to S
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for Re(s) > 1 where N(a) is the norm of a, and a runs over all integral ideals
of k, coprime to the primes in S such that the Artin symbol (a, F/k) is equal
to 0. The partial zeta functions are meromorphically continued to the whole
complex plane, and holomorphic everywhere except for s = 1. We define

Ops = Z ¢s(0, 0’)0'_1

oc€Gal(F/k)

which is an element of Q[Gal(F/k)] (cf. Siegel [21]). Suppose that S is the
set of ramifying primes of k in F//k. We simply write 6 for 0p s,. We know
by Deligne and Ribet the non w-component (0ps)~ € Qp[Gal(F/k)]™ is in
Z,]Gal(F/E)]~. In particular, for a character x of A with x # w, we have
(Op )X € Z,|Gal(F/E)]X.

Suppose that S contains all primes above p. Let F,, denote the n-th layer of
the cyclotomic Z,-extension Fu,/F, and consider (0p, s)~ € Z,[Gal(F,/k)]™.
These 07 ¢’s become a projective system with respect to the canonical restric-
tion maps, and we define

Or...s € Zp[[Gal(Foo /R)]]™

to be their projective limit. This is essentially (the non w-part of) the p-adic
L-function of Deligne and Ribet [1].

2 INITIAL FITTING IDEALS

Let k, F, Fs be as in §1. We denote by koo /k the cyclotomic Z,-extension,
and assume that F'N ks, = k. Our aim in this section is to prove Proposition
2.1 and Corollary 2.4 below.

2.1. Let S be a finite set of finite primes of k containing ramifying primes
in Fo/k. We denote by F* the maximal real subfield of F. Put Ap =
Z,|[Gal(Fx /k)]] and Ap+ = Z,[[Gal(FL /k)]] which is naturally isomorphic
to the plus part AJI,C of Ap. We denote by M s the maximal abelian pro-p
extension of Fif which is unramified outside S, and by X Ft s the Galois group

of Meo,s/F. We study Xpt g which is a torsion Ap+-module.

We consider a ring homomorphism 77 '2: Ap — Ap which is defined by o
k(o)ot for o € Gal(Fux/k) where k : Gal(Fx/k) — Z) is the cyclotomic
character giving the action of Gal(Fu/k) on fipe. Let (Ap)™ and (A})* =
(Ap+)* be as in §1.1. Then, 71+ induces

77 (AR)Y — (Aps)™.

Let 07 _ s € (Ar)™ be the Stickelberger element defined in 1.2.
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PRrROPOSITION 2.1. Assume that the the lwasawa p-invariant of F is zero,
namely Xp+ ¢ is a finitely generated Zy-module. Then, Fittoa ((XF:g g)*) s
generated by T‘H(Q}w o) except the trivial character component, namely

FittO,AF+ ((XF;75)*)* = (7_1L(9;00,S))-

Proof. We use the method in [11]. In fact, the proof of this proposition is much
easier than that of Theorem 0.9 in [11].

We decompose G = Gal(F/k) as in 1.1 (G = A x G’). Suppose that c is the
complex conjugation in A and put A* = A/ < ¢ >, and Gy = Gal(F*/k).
Then, we can write Go = AT x G where G is a p-group. For a character y of
AT with x # 1A+, and a character ¥ of G, we regard xy as a character of
Go. We consider (XF;’S)X‘# which is an O,y [[Gal(Fi/F)]]-module (cf. 1.1).
Our assumption of the vanishing of the p-invariant implies that (X P S)Xw is
a finitely generated Oyy-module. We will first show that (X )XV is a free
Oy-module.

Let H C G be the kernel of ¥, and M be the subfield of F' correspond-
ing to H, namely Gal(F/M) = H. We denote by M the cyclotomic Z,-
extension of M and regard H as the Galois group of Foo/Ms. We will see
that the H-coinvariant ((Xp+ ¢)¥)m is naturally isomorphic to (X)+ o)*.
In fact, by taking the dual, it is enough to show that the natural map
HY, (01 [1/S), Qu/Zy)% ' — (HY(Opt [1/5),Qu/Zy) ) of etale coho-
mology groups is bijective where O+ [1/5] (resp. Op+[1/5]) is the ring of
S-integers in MY (resp. F). This follows from the Hochschild-Serre spectral
sequence and H(H,Q,/Z,)X = H%*(H,Q,/Z,)X = 0. Hence, regarding
X% as a character of Gal(M ™ /k), we have

(XF;,S)W = (XM;,S)W'

We note that (X,+ )X does not have a nontrivial finite Oy [[G']]-submodule
(Theorem 18 in Iwasawa [5]), so is free over O, by our assumption of the -
invariant. We will use the same method as Lemma 5.5 in [11] to prove that
(/YM;,S)Xw is free over Oy,. We may assume 1) # 1z, so p divides the order of
Gal(M ™ /k). Let C be the subgroup of Gal(M™* /k) of order p, M’ the subfield
such that Gal(M*/M') = C, and put N¢ = X,cco. We have an isomorphism
(XM:O’S)Xw ~ (Xy+ s)%/(Ne). Let oo be a generator of C. In order to prove

that (X,+ ¢)X¥ is free over Oy, it is enough to show that the map
op—1: (XM;,S)X/(NC) - (XM;,S)X

is injective. Hence, it suffices to show ((X),+ $)X)¢ = Ne((Xy+ )X), hence
to show HO(C, (Xy+ 5)¥) = 0. Taking the dual, it is enough to show

H(C, Helt(OMj; [1/S],Qp/Zp)X_1) = 0. This follows from the Hochschild-
Serre spectral sequence and HZ, (O [1/5],Qp/Z,) = 0 (which is a famous
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property called the weak Leopoldt conjecture and which follows immediately
from the vanishing of the p-component of the Brauer group of M/ ).
Thus, (Xp+ ¢)X¥ is a free Oyy-module of finite rank. This shows that

Fitto’ow[[cal(pw/p)]]((XF; S)Xw) coincides with its characteristic ideal. By

Wiles [25] and our assumption, the p-invariant of (77 '¢(6% 5))X¥ is also zero,
and by the main conjecture proved by Wiles [25], we have

Fitto,o, [(GalF/F)] (Xps )XY) = (7707 6)XY).

This holds for any x and ¢ with x # 1a. Hence, by Corollary 4.2 in [11], we
obtain the conclusion of Proposition 2.1.

2.2. For any number field F, we denote by Az the p-primary component of
the ideal class group of F. Let F' be as above. We define

A Foo = limA F,

where F,, is the n-th layer of F,/F. We denote by (Ag_)Y the Pontrjagin
dual of Ap_. Let S, be the set of primes of k lying over p. By the orthogonal
pairing in P.276 of Iwasawa [5] which is defined by the Kummer pairing, we
have an isomorphism

(Xps )" (AF,)Y (1)

00,Sp
Let ¢+ : A — Ap be the ring homomorphism induced by ¢ — o~ ! for
o € Gal(Fx/k). For a character x of A, ¢ induces a ring homomorphism

—1
A% — A% which we also denote by ¢. Since there is a natural surjective ho-

momorphism (Xp+ S)* — (Xp+ . )*, Proposition 2.1 together with the above
oo, c0,Sp

isomorphism implies

COROLLARY 2.2. Let x be an odd character of A such that x # w. Under the
assumption of Proposition 2.1, we have

Wby ) € Fitty 1 (A5 )Y).

Next, we consider a general CM-field F' such that F/k is finite and abelian
(Here, we do not assume p, C F). Put Rp = Z,[Gal(F/k)]. Let G be the p-
primary component of Gal(F/k), and Gal(F/k) = A x G. Suppose that y is an
odd character of A with y # w. We consider R} = O, [G], and define:: Rp —

Rp and v : Rf — R}fﬂ_l similarly as above. If we assume that the Iwasawa p-

invariant of F' vanishes, (Xp(,,).., S)XA“ is a finitely generated O,-module, so
we can apply the proof of Proposition 2.1 to get +(0f, ) € Fitt, - (A% ).

Since Ay — A, is injective ([24] Prop.13.26), (A;E(Mp)w)v — (A%)Y is

1 -1
surjective. The image of ¢(0,_ ¢) € Af in RE is ¢(0f g). Hence, we obtain

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2007) 539-564



THE STRUCTURE OF IDEAL CLASS GROUPS 547

COROLLARY 2.3. Assume that the Iwasawa p-invariant of F is zero. Then,
we have

(65.g) € Fitt o1 ((A3)).

F

Let Sp(u,).. (resp. Sp) be the set of ramifying primes in F(j,)o0/k (resp.
F/k). Note that Sg(, ). \ Sr C S, and

0F’SF(M;D)QC = (HPESF([.LP)OO\SF(l - @;1))9F7SF

where ¢, is the Frobenius of p in Gal(F/k). If x(p) # 1 for all p above p,

(1-— ga,:l)x is a unit of R}fﬂ_l because the order of x is prime to p. Therefore,
we get

COROLLARY 2.4. Assume that the Twasawa p-invariant of F is zero, and that
x(p) # 1 for all p above p. Then, we have

(65) € Fitt ot ((AX)):

3 HIGHER STICKELBERGER IDEALS

In this section, for a finite abelian extension K/k whose degree is prime to p,
we will define the ideal ©; x C Z,[Gal(K/k)] for ¢ > 0. We also prove the
inclusion O} - C Fitt; 0, (A)) for K and x as in Theorem 0.1.

3.1. In this subsection, we assume that O is a discrete valuation ring with
maximal ideal (p). We denote by ord, the normalized discrete valuation of O,
so ord,(p) = 1. For n, r > 0, we consider a ring

Anr = O[S1s ey S/ (L4 S =1,y (14 8,7 = 1).

Suppose that f is an element of A, , and write f = Eil,.A.iTZ()ail...iTSil---Syif
mod Z where Z = ((1+51)?" —1,...,(1+85,)P" —1). For positive integers i and
s, weset s =min{z € Z:s<p®}. Assume s’ <n. f0<j< p*, we have
ordp((p;')) = ord, (p™!/(j1(p™ —j)!)) > n—s + 1. Hence, for iy, ...,7, < s < e,
Qi ,...i,, mod p”*SIJr1 is well-defined from f € A,, . For positive integers ¢ and
s with ' < n, we define I; ;(f) to be the ideal of O which is generated by

’
p" ¢ 1 and

{@iy,. i + 0<i1,.yip <s and i1 + ... + i, <i}.

Since a;, ... ;, is well-defined mod p”_s/"’l, I s(f) C O is well-defined for any ¢
and s € Z~q such that n > s’

DOCUMENTA MATHEMATICA - EXTRA VOLUME KATO (2007) 539-564



548 MASATO KURIHARA

LEmMA 3.1. Leta: A, — An . be the homomorphism of O-algebras defined
by a(Sk) = H;-’:l(l—i—Sj)ak? —1 forl <k, j<r suchthat (ar;) € GL,(Z/p"Z).
Then, we have

Lis(a(f)) = Lis(f)-

Proof. It is enough to show I, s(f) C I;s(a(f)) because if we obtain this
inclusion, the other inclusion is also obtained by applying it to a~!. Further,
since (ax;) is a product of elementary matrices, it suffices to show the inclusion
in the case that « corresponds to an elementary matrix, in which case, the
inclusion can be easily checked.

In particular, let ¢ : A,, — A, , be the ring homomorphism defined by
t(Sk)=(1+ Sg)~t —1for k=1,...,7. Then, we have

L s (e(f)) = Lis(f)

which we will use later.

3.2. Suppose that k is totally real, K is a CM-field, and K/k is abelian such
that p does not divide [K : k]. Put A = Gal(K/k). For i > 0, we will define the
higher Stickelberger ideal ©; x C Z,[A]. Since Z,[A] ~ B, Oy, it is enough
to define (©; x)X. We replace K by the subfield corresponding to the kernel of
X, and suppose the conductor of K/k is equal to that of x.

For n, r > 0, let Sk n,» denote the set of CM fields F' such that K C F, F/k
is abelian, and F/K is a p-extension satisfying Gal(F/K) ~ (Z/p™)®". For
F € Sk n,r, we have an isomorphism

Z,[Gal(F/k)X ~ Z,[A]X[Gal(F/K)] = Oy [Gal(F/K)).

Fixing generators of Gal(F/K), we have an isomorphism between
Oy |Gal(F/K)] and A, , with O = O, in 3.1 (the fixed generators o1,...,0,
correspond to 1+ S1,...,1 4+ S,.).
We first assume x is odd and x # w. Then, 0% is in Z,[Gal(F/k)]X =
O, [Gal(F/K)] (cf. 1.2). Using the isomorphism between O, [Gal(F/K)] and
Ay, for i and s such that n > ', we define the ideal I; s(6%) of O, (cf.
3.1). By Lemma 3.1, I; ;(6%) does not depend on the choice of generators of
Gal(F/K).
We define (O, k)X = (05 ). Suppose that (©g )X = (p™). If m = 0, we define
(0;,x)% = (1) for all i > 0. We assume m > 0. We define Sk, = Ur>0 Sk
We define (0,5 k)X to be the ideal generated by all I; ;(0%)’s where F' ranges
over all fields in Sk, for alln > m + s’ — 1 where s’ = min{z € Z : s < p*} as
in 3.1, namely
©isx) = |J L))
FeSkn
n2m+s'71
We define (0; )X by (04 k)X = Uys0(Oi,s,x)X. For x satisfying the condition
of Theorem 0.1, we will see later in §5 that (0; k)X = (0, 1,x)X.
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For F € Sk m with m > 0, I; 1 (6}%) contains p™ (note that s’ =1 when s = 1),
so p™ € (0;,x)X. Since (O¢,x)X = (p™), (Oo,x)X is in (BO; x)X. It is also clear
from definition that (©; s k)X C (©i41,5,x)X for i > 0 and s > 0. Hence, we
have a sequence of ideals

(Q0,k)X C (01,5)X C (Og,)X C ...

We do not use the w-component in this paper, but for yx = w, we define
(©0,x)X = (0x Anng [Gai(k/k)) (Hp= (K)))X. For i > 0, (©; )X is defined sim-
ilarly as above by using z0% instead of 6% where x ranges over elements of
Anng (Gai(r/k)) (Hp (F))X. For an even x, we define (0; k)X = (0) for all
7>0.

PROPOSITION 3.2. Suppose that K and x be as in Theorem 0.1. Then, for any
1 >0, we have
(@LK)X C Fitti’ox (AXK)

Proof. At first, by Theorem 3 in Wiles [26] we know #A% = #(0,/(0%)),
hence (O, k)X = Fittg,0, (A)). (In our case, this is a direct consequence of
the main conjecture proved by Wiles [25].) We assume ¢ > 0. By the definition
of (0;,k)X, we have to show I; ;(6%) C Fitt; o, (A)) for F € Sk, where the
notation is the same as above. By Lemma 3.1, I; s(6%) = I, s(«(0%)). Hence,
it is enough to show
L; s (L(F)) C Fitty 0, (A%).

We will prove this inclusion by the same method as Theorem 8.1 in [11].
We write O = Oy = Oy-1, and G = Gal(F/K). As in 3.2, we fix an
isomorphism O[Gal(F/K)] ~ A, , by fixing generators of G. We consider
(A%)Y = (AF®z,a) 0)" = (AF @z, [Gal(F/k)) O[G])" which is an O[G]-module.
Since F'/K is a p-extension, it is well-known that the vanishing of the Iwasawa
p-invariant of K implies the vanishing of the Iwasawa p-invariant of F ([6]
Theorem 3). By Corollary 2.4, we have

1(0%) € Fittg o1y ((A%)Y)-

Since x # w and x is odd, for a unit group Oy, we have (Of ® Z,)X =
ppee (F)X = 0, so H'(Gal(F/K),05)X = HY(Gal(F/K), (0} ® Z,)X) = 0.
This shows that the natural map A} — AY is injective. Hence, regarding
A%, as an O[G]-module (G acting trivially on it), we have

Fittg,oc)((A%)") C Fittg,ojq((A%)Y),

and
1(0%) € Fitto o) ((A%)"Y).
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Hence, by the lemma below, we obtain
I; s(u(0%)) C Fitt; 0(A%).
This completes the proof of Proposition 3.2.

LEMMA 3.3. Put I = (Si1,...,Sr). Then, FittO}O[G]((A}%)V) is generated by
Fitt; 0(A%)(Ia)? for all j > 0.

Proof. Put M = (A%)". Since O is a discrete valuation ring, M" is isomorphic
to M as an O-module. Hence, Fitt; o(M) = Fitt; o (M) = Fitt; 0 (A%).

We take generators es,...,e,, and relations X3 jamer = 0 (am € O, | =
1,2,...,m) of M as an O-module. Put A = (a;). We also consider a rela-
tion matrix of M as an O[G]-module. By definition, I annihilates M. Hence,
the relation matrix of M as an O[G]-module is of the form

Si o Sy e 0 .0
0 o 0 o o 0 .. 0

A
0 oo 0 o . Si .. 8,

Therefore, Fittg oc (M) is generated by Fitt; o(M)(Ig)? for all j > 0.

4 EULER SYSTEMS

Let K/k be a finite and abelian extension of degree prime to p. We also assume
that K is a CM-field, and the Iwasawa p-invariant of K is zero. We consider
a CM field F' such that F/k is finite and abelian, F' D K, and F/K is a p-
extension. Since the Iwasawa p-invariant of F' is also zero, by Corollary 2.4,
we have +(0%)(A%)Y = 0. Hence, we have

05 A5 = 0.

We denote by O, Divp, and Ap the unit group of F, the divisor group of F,
and the p-primary component of the ideal class group of F. We write [p] for
the divisor corresponding to a finite prime p, and write an element of Divg
of the form Ya;[p;] with a; € Z. If (z) = IIp]* is the prime decomposition
of x € F*, we write div(z) = Xa;[p;] € Divp. Consider an exact sequence
0—O0p®2Z, — F*QZ, I, Divp ®Z, — Ap — 0. Since the functor
M — M~ is exact and (OF ® Z,)~ =0,

0— (F* ®2Z,)~ % (Dive ©Z,)~ — Ap — 0

is exact. For any finite prime pp of F', since the class of 6% [pr|™ in Aj vanishes,
there is a unique element gg ,, in (F* ® Z,)"~ such that

div(gr.pr) = OF [pr]™.
By this property, we have
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LEMMA 4.1. Suppose that M is an intermediate field of F/K, and Sg (resp.
S ) denotes the set of ramifying primes of k in F/k (resp. M/k). Let py be a
prime of M, pr be a prime of F above ppr, and f = [Op/pr : Or/pum]. Then,
we have
NF/M(9F7PF) = ( H (1 - 50;1))~(9M7PM)J£
AESE\Snm

where Np/yp + F* — M™ is the norm map, and @y is the Frobenius of X in
Gal(M/k).

Proof. In fact, we have

div(Nr/a(9F,pr)) = crym(0F) [Ne/aa (pr)]™

where cp/nr ¢ Zp[Gal(F/k)] — Z,[Gal(M/k)] is the map induced by the
restriction o + oy and Np/p(pr) is the norm of pr. By a famous property
of the Stickelberger elements (see Tate [23] p.86), we have

crm(0F) = (( [T (O =ex")0a)™,

AeSF\Sm

hence the right hand side of the first equation is equal to ((J g, s,, (1 —

5 ))0a1)" Floar)™. This s also equal to div((TTyesp s, (1~ 95 )™ (9a1,00)7)-
Since div is injective, we get this lemma.

REMARK 4.2. By the property 63 A% = 0, we can also obtain an Euler system
in some cohomology groups by the method of Rubin in [18] Chapter 3, section
3.4. But here, we consider the Euler system of these gr,,’s, which is an
analogue of the Euler system of Gauss sums. I obtained the idea of studying
the elements gr ,, from C. Popescu through a discussion with him.

Let Hy be the Hilbert p-class field of k, namely the maximal abelian p-extension
of k which is unramified everywhere. Suppose that the p-primary component
Ay, of the ideal class group of k is decomposed into Ay, = Z/p™Z®...®Z/p*Z.
We take and fix a prime ideal q; which generates the j-th direct summand for
each j = 1,...,s. We take {; € k™ such that q?aj = (&) for each j. Let U
denote the subgroup of k* generated by the unit group O, and &;,...,&. For a
positive integer n > 0, we define P,, to be the set of primes of k with degree 1
which are prime to pqs - ... qs, and which split completely in K Hy, (upn,ul/p").

LEMMA 4.3. Suppose A € P,,. Then, there exists a cyclic extension ky,(\)/k of
degree p™, which is unramified outside X\, and in which X\ is totally ramified.

Proof. We prove this lemma by class field theory. Let Cy (resp. Cli) be the
idele class group (resp. the ideal class group) of k. For a prime v, we denote
by k, the completion of k at v, and define Uy, to be the unit group of the ring
of integers of k, for a finite prime v, and Uy, = k,, for an infinite prime v. We
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denote by U ,%v the group of principal units for a finite prime v. We define Cy, » »
which is a quotient of C, ® Z,, by

Crom = (K /UL) @ Z/p"Z & @ (k) /Uk,) @ Zy)/(the image of k*)
VFEA

where v ranges over all primes except A. Since A splits in Hy, the class of A in
Cl; ® Z, = Ay, is trivial. Hence, the natural map

@kqf ® Ly — @(kf/Uk) ® Zy — (@ Z,)/(the image of k™) = A
(v ranges over all primes) induces Cy, »,n, — A, and we have an exact sequence

Uiy /UL, @ Z/p"Z = Cram SNy p— )

Let £()) denote the residue field of X. Since A splits in k(uyn), Uk, /UL ) ®
Z/p"Z = K(\)*®Z/p"Z is cyclic of order p™. Since A splits in k(jipn, (O;)Y/P"),
O) is in (Uk,)P" and a is injective (Rubin [18] Lemma 4.1.2 (i)). Next, we will
show that the exact sequence

0 — (Un, JUL) @ Z/p"Z —* Chan —= A — 0

splits. Let q;, a;, {; be as above. Suppose that g, is a uniformizer of ky,. We
denote by Ily; the idele whose g;-component is 7y, and whose v-component is
1 for every prime v except for q; (the A-component is also 1). Since A splits
in k;(fjl»/pn), we have & € (U, )?". Hence, the class of §; € k* in (kY /UL ) ®
Z/p"2&D, 4, (k) /Uk,)®Zy coincides with (Ilg; )P*’. This shows that the class
Mg, lcynn of g, in Ci x, has order p® because b([Ily;]c, ,..) = [d;]a, where
[a;]4, is the class of q; in Ay. We define a homomorphism b : Ay — Cian
by [q;]a, — [Hg,le,s, forall j =1,... s. Clearly, b’ is a section of b, hence
the above exact sequence splits. By class field theory, this implies that there is
a cyclic extension k,(\)/k of degree p™, which is linearly disjoint with kg /k.
From the construction, we know that A is totally ramified in &, (), and &k, (\)/k
is unramified outside .

As usual, we consider Kolyvagin’s derivative operator. Put Gy = Gal(k,(\)/k),
and fix a generator o) of G for A € P,,. We define N, = Ef:aloﬁ\ € Z[G,] and
D, = Zf:gliaﬁ\ € Z[G,]. For a squarefree product a = Ay -...- A\, with \; € P,
we define k,(a) to be the compositum k;,, (A1)...kn (), and K, (@) = Kky(a).
We simply write K(q) for K, (o) if no confusion arises. For a = Ay - ...+ A,
we also define Ng = [[;_; Ny, and Dy = [[._, Dy, € Z[Gal(kyn(a)/k)] =
Z[Gal(K(4)/K)]. For a finite prime p of k which splits completely in K (g,
we take a prime pr,, of K. By the standard method of Euler systems
(cf. Lemmas 2.1 and 2.2 in Rubin [17], or Lemma 4.4.2 (i) in Rubin [18]),
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we know that there is a unique Raprc ) € (K* ® Z/p™)~ whose image in
(K(Xa) ® Z/p™)~ coincides with Da(9K<u),pK(a) ). We also have an element §, €
Z/p™[Gal(K/k)]™ such that DuQIN((u) = Vi, /k(0a) (mod p™) where vg  /k :
Z,Gal(K/k)]~ — Z,[Gal(K(q)/k)]™ is the map induced by o — )
for 0 € Gal(K/k). This 0,4 is also determined uniquely by this property. We
sometimes write x, for Ra,pkq, if no confusion arises.

We take an odd character x of Gal(K/k) such that x # w, and consider the
x-component k3 € (K* @ Z/p™)X, 65 € Z/p"[Gal(K/k)]X = Oy, ...etc.
LEMMA 4.4. Put S; = o5, — 1 € Oy[Gal(K (q)/K)]. Then, we have

Ok = (170351 .- S (mod (", 5%, ..., 52)).

5T
T‘K—U

Proof. We first prove 9}2(‘1) =aS; - ...- S, mod (S%,...,52%) for some a € O, by
induction on 7. For any subfields M; and M3 such that K C My C Mz C K(q),
we denote by car, /ar, @ Ox[Gal(M2/K)] — Oy [Gal(M;/K)] the map induced
by the restriction o — o, . Since CK(M)/K(Q}C((M)) =((1 —@XII)QK)X (cf. Tate
[23] p.86) and Ay splits completely in K, we have CK(%1)/K(9>[<<(A1)) = 0. Hence,
S1 = oy, — 1 divides 9}201). So the first assertion was verified for r = 1.
Let a; = a/); for ¢ with 1 < 4 < r. Then, we have cK(u)/K(ui)(e}((u)) =
((1— ‘P;,;l)eK(ai))X' Since \; splits completely in K, o, is in Gal(K(q,)/K).
Hence, 1 — go)_\il is in the ideal Iga(k,,,/K) = (S1, .., 8i-1, Sit1, -, Sr). This
implies that CK(:.)/K(E.,;)(H}(Q“)) is in the ideal (S%,...,S%1,S24,...,52) by the
hypothesis of the induction. This holds for all ¢, so 9}2(0) can be written as
H}C((u) = a+ 3 where a is divisible by all S; fori = 1, ...,7, and B isin (5%, ..., S2).
Therefore, 9}2@) =aS; - ...- S, mod (5%, ..., 52) for some a € O,.
Next, we determine a mod p™. Note that S;D,, = —N,, (mod p™). Hence,
52Dy, =0 (mod p™). Thus, we have

Da(%(((a)) = Dqy(aS1 ... Sr) = (—1)"Ny(a) (mod p™).

Hence, No((—1)"a) = vi,,/x((=1)"a) = vk, /x(65) (mod p"), which implies
%X = (—=1)"a (mod p™) because VE(,,/k mod p" is injective. This completes
the proof of Lemma 4.4.

We put G = Gal(K(q)/K). As in §3, we have an isomorphism O, [G] ~ A, , by
the correspondence oy; < 1+ S; where 4, ;. is the ring in 3.1 with O = O,.
For i, s > 0 and 9}“{@ € O,|G], we have an ideal Ii’S(H}C((a)) of Oy as in 3.2.

By the definition of ILS(Q}(((Q)) and Lemma 4.4, we know that I,«,l(@}‘((a)) is
generated by 6X and p™. Thus, we get

COROLLARY 4.5.
La(0%,) = (0%.0").
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For a prime X\ of k, we define the subgroup Div;‘( of Divg ®Z, by Divﬁ‘( =
@/\K‘/\ Z,[A k] where Ak ranges over all primes of K above A\. We fix a prime
Ak, then Divy = Z,[Gal(K/k)/Dx, ][ k] where Dy, is the decomposition
group of \g in Gal(K/k). Let divy : (K* ® Z,)X — (Divy)X be the map
induced by the composite of div : K* ® Z, — Divg ®Z, and the projection
Divg ®Z, — DiV?(. The following lemma is immediate from the defining
properties of Ka,px g, and &4, which we stated above.

LEMMA 4.6. Assume that p is a finite prime of k which splits completely in
K. We take a prime pk ,, of K@) and a prime pr of K such that pr ,, |
pK | P

(i) din(“g,pK(u)) = (dalpx])X (mod p").

(ii) If A is prime to ap, we have diVA(/‘éif,pK(u)) =0 (mod p").

We next proceed to an important property of /@f{ P Suppose that A is a prime
in P, with (A,a) =1 and p is a prime with (p, aX) = 1. We assume both p and
A split completely in K(q). Put W = Ker(divy : (K* ®Z,)X — (Div})X), and
Ry = ®)\K‘>\ Kk(Ar)™ where k(Ak) is the residue field of Ax (k(Ax) coincides
with the residue field k() = Oy /A of X because A splits in K) and Ax ranges
over all primes of K above A\. We consider a natural map

O W/WP — (Ry /(Ry )" )

induced by = — (z mod Ag). Note that N(A) =1 (mod p™) because A € P,,.
So, R} /(Ry)P" is a free Z/p"Z[Gal(K/k)]-module of rank 1. We take a basis
u € (Ry/(RX)P")X, and define £y, : W/WP" — (Z/p"Z[Gal(K/k)])X ~
O, /(p™) to be the composite of £y and u — 1. By Lemma 4.6 (ii), /ﬁépK(u)
is in W/WP" (note that W/W?" c (K* ® Z/p"Z)X). We are interested in
KA’u(na(,pK(n)). We take a prime pr, (resp. A, ) of K and a prime px
(resp. k) of K such that px, | prc | p (resp. Ak, | Ak [ A).

PROPOSITION 4.7. We assume that x(p) # 1 for any prime p of k above p,
and that [pk| and Ak yield the same class in A%,. Then, there is an element
x € W/WP" satisfying the following properties.

(i) For any prime X of k such that (N,a) = 1, we have

divy (m;ﬂpK(n) /x) =0 (mod p").

(ii) Choosing u suitably, we have

1— NO\)™!

3

Oau(x) =63y (mod (6, p"))

where N(X) = #k(A\) = #(0x/N).

In particular, in the case a = (1) we can take x = g , mod we",
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This proposition corresponds to Theorem 2.4 in Rubin [17], which was proved
by using some extra property of the Gauss sums. For our gr,,, we do not have
the property corresponding to Lemma 2.5 in [17], so we have to give here a proof
in which we use only the definition of gr ,,., namely div(g;fﬂ’pF) = (Or[pr))X.

Proof of Proposition 4.7. We denote by Ak ,,, the unique prime of K(4y) above
AK(y - Put N = ord,(N(A) —1) +2n. We take by Chebotarev density theorem
a prime p’ of k which splits completely in K(qx)(p,~) such that the class of
[p’K(M)] in AXK(“) for a prime p'K(M) of K(qy) over p’ coincides with the class of
[Ai(on]- Let p be the prime below P’}((“)~ Then, the class of [Ak], the class

of [p], and the class of [pk] in A% all coincide. Hence, there is an element
a € W such that div(a) = [px]— [0/ ]. Define x € W/WP" by z = X -ala.

a,p
(a)
By Lemma 4.6 (ii), divy (/{if,pK( )/x) = 0 (mod p™) for a prime A such that
(M,app’) = 1. By Lemma 4.6 (i), the same is true for A’ = p and p’. Thus,
we get the first assertion. In the case a = (1), we take y = g% o a’%. Then,
Pr

div(y) = div(gy ,.)s 50 ¥ = gk > and we have gx — mod Wr" =y mod
wr" =z
In order to show the second assertion, it is enough to prove
1-N\)!
7n£)\’u(n§’p}((u)) =0y, (mod p") (1)
A
for some u. Set Divi . = @, Zp[v] and R;‘((M) = @,p60)" =

@D, Ok, /v)* where v ranges over all primes of K above A. Since
the primes of K, above X are totally ramified in K4y, (Div}\((uk))x is
isomorphic to O, [Gal(K(q)/K)] and (R?QM)/(R?QM))I)”)X is isomorphic to
Oy /(p")[Gal(K )/ K)]. We consider W, ,, = Ker(divy : (K(Xu/\) ® Zy)X —

(Div}\((M))X) and a natural map
. " A A "
e/\K(uA) : WK(M)/WIP((M) - (RK(G,\)/(RK(G,\))I) )x.

We take b € (K(Xa)\) ® Zp)X such that div(b) = [Ak,,] - [p’K(M)].
Then, b = 0y, (07*7") is a generator of (R?QM)/(R?QM))I)”)X as an
O, /(")[Gal(K (4)/K)]-module ([19] Chap.4 Prop.7 Cor.1). Using this ¥/, we
identify (R}\<(“)/(R}\<(“))I’7L)X with O, /(p")[Gal(K (q)/K)], and define

n

gA’K(ax),b/ : WK(a,\)/WIZ; - Ox/pn[Gal(K(u)/K)}'

(aX)

Since A splits completely in K(q), Cx oy, /K (o) (0}2(“)) = 0 by the formula in the
proof of Lemma 4.1. Hence, oy — 1 divides G}Q(M

0, we have H}C((M) A& (an]X = 0. So, div(

Since (ox — 1)[Ak(,y,] =
) = div((b™" v )Y) =

)’

X
gK(a,\),P'K(“)
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e o —0
9}2(“)[#]{(”)]& The injectivity of div implies that g}((m’p;{(m) = (b~ @)X,

Further, by Lemma 4.4, we can write

X
Kax)

(_1)7"“5;()\51 v Sp(oa—1)+ 4 (mod p™)

where 3 € (S, ..., 52, (o) —1)?). Since o) — 1 divides 0}%(“), ox— 1 also divides
B. We write 8 = (ox —1)3". So 0}2(“) = (ox —1)((-1)™65S1 .. S+ 3)
(mod p™). Then,

—6
eka(uA)J)/ (g;i'(uk) ) - €A7K(u)\),b/((b K(ak))x)

7p’K(M)
= _CK(uA)/K(u)((_1)T+15§)\Sl et St Bl)
= (—1)7‘5;()\51 feen ® S”" - CK(GX)/K(G) (61)

Since ¢ .\, /K., () € (Sf,..,S7), using S;D), = —Ny, (mod p") and
S2Dy, =0 (mod p™), we have
ZA’K(awa’((gﬁ(m),p}q 2 )P%) = Dal((=1)"6,51 .- Sy = CK(aA)/K(u)(ﬂ/))
= Nu%

= VK(‘,)/K(éif)\)'

We similarly define Wy, = Ker(divy for K)) C (K(ﬁ) ® Zp)X. Recall
that W = Ker(divy for K) C (K* ® Zp)X. Let £\ (resp. £x r(,s A Kn)
be the natural map WK/WIP(” — (R /(R%)P")X (resp. WK(u)/W]p;(La) —

n

(B o/ (B )7 Wikian) /Wiy = (B /(Rig )7 )Y). We have a
commutative diagram

WK/WIP( - WK(a)/WIZ;(u) - WK(M)/WIZ;(M)
5 X Kq) N K
(RYJ(RAP Y — (Rh JBR X — (R, (R P

where the horizontal arrows are the natural maps. We take a generator u’ of
(R;‘((u)/(R;‘((u))pn)X as an O, /(p")[Gal(K(q)/K)]-module, and a generator u”

of (R /(R})P")X as an O, /(p")-module such that the diagram

p" p" p"
Wi /WP — Wi, /Wi — Wi /WE
J/exyu// Z/\,K(u),u’ J/£A>K(a>\)'b/

Oy /™) U™ 0, /(M) Gal(K o /K)] ~L O/ (p™)[Gal(K (q) /K]

commutes where VK o)/ K 18 the norm map defined before Lemma 4.4, and id is
the identity map.
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. . X DCI .
Using the above computation of Z)\,K(“)J,/((gK(“)’p,K(M)) ), if we get
1-N\)! X X
7])” g)\,K(a)(gK(u),p}((u)) - g)\,K(ax)(gK(“)’p}((M))v (2)

we obtain (1) from the above commutative diagram.

The relation (2) is sometimes called the “congruence condition”, and can be
proved by the method of Rubin [18] Corollary 4.8.1 and Kato [8] Prop.1.1.
Put L = Kq)(tp~) and Ly = Kqx)(pp~) (Recall that N was chosen in the
beginning of the proof). We take a prime p’L(M of L(y) above p’K(“;V, and
denote by p the prime of L below p}qm. We define ¢y : W /WP —

N

(RE/(Ri)pN)X7 and fx o, : WL(A)/Wf(A) — (R,)—:(A)/(R,)—:(A))pN)X similarly.
We identify (Ry/(R})"" )X with (R} /(R} )*")* by the map induced by

Loy
the inclusion. Then, the norm map induces the multiplication by p™. Since

-1
NL(A)/L(!]%(/\),,,/L /\)) = (1= )g%’P'L’ we have pngA,L(,\)(gfw,p/Lm) =(1-

N(/\)_l)fA,L(gfplL). Hence,

— —1 N—

bty (05, ) =00~ N sl ) (mod V).

Let S be the set of primes of k ramifying in L(y) and not ramifying in

K. Note that if p € S, p is a prime above p. By Lemma 4.1
X _ X X _

we have NL()‘)/K(“)‘)(gL()\)’pIL()\)) = GK(“)QK(“W/K(M) and NL/K(a)(gL,p’L) =

€K<a>g¥<<a>,p}< where ef,,, = (Hpes(l — gop_l))x € Oy[Gal(K(qx)/K)] and

(a)
€K(e) = CK(an)/K(n)(€K(ar)) (CK(on)/K (4 1S the restriction map). Since we as-

sumed x(p) # 1 for all p above p, €x,,, is a unit of Oy [Gal(K(qy)/K)]. Hence,
we obtain (2) by taking the norms NL /Ky of both sides of the above for-
mula. This completes the proof of Proposition 4.7.

5 THE OTHER INCLUSION

In this section, for K and x in Theorem 0.1 and i > 0, we will prove
Fitt; 0, (A%) C (©4,x)X to complete the proof of Theorem 0.1. More precisely,
we will show Fitti’ox (AXK) C (@i,l,K)X~

As in Theorem 0.1, suppose that

A = Ox/(P™) & ... & O/ (P™)

with 0 < n; < ... < n,. We take generators cy,...,c, corresponding to the above
isomorphism (c; generates the j-th direct summand). Let P,, be as in §4. We
define

Q; ={A€P,: thereisa prime A\ of K above A such that
the class of Ag in A% is ¢;},
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and Q = |J, <<, Q;. We consider an exact sequence

0 — (K* ®Z,)* L% (Divg ©Z,)% — A% — 0.

For A € Q, we have (Z,[Gal(K/k)|[Ax])X = Oy[Ak]X. We define Mg to be the
inverse image of P,cg Ox[ Ak |X by div : (K* ® Zy)X — (Divg ®Zp)*. On
the other hand, as an abstract O,-module, A} fits into an exact sequence

T T
0— @Oxej S, @Oxe; 4, AY —0
j=1 j=1

where (e;) and (e}) are bases of free Oy-modules of rank 7, f is the map
ej — p"ie}, and g is induced by € — c;. We define 3 : @, g Ox[Ax]¥ —
@;=1 Oye; by [Ak]X + ¢} for all A € Q; and j = 1,...,r. Then, § induces
a: Mg — @;Zl Oyej, and we have a commutative diagram of Oy-modules

0 — Mo T @O — Ak — 0
| | ||
0 — @;=10xej - ®;=10X69 = A — 0.

Put m = lengthy (A)). We take n > 0 such that n > 2m and pyn ¢ K. We
use the same notation as in Proposition 4.7. Especially, we consider

On: W/WP" — (R /(Rje)" ) ~ Oy /(")
for A € Q.

LEMMA 5.1. Suppose that a, X\, p,...etc satisfy the hypotheses of Proposition
4.7. We further assume that the primes dividing ap are all in Q. Then, there
exists FL%IC’PK(Q) € Mg satisfying the following properties.

(i) For any prime X' such that (N, ap) = 1, we have

diVA/(k§7pK(a)) =0

divp(/%gf,pK(a)) = (Ja[px])*  (mod p).

1— N(\)~!

a3

INGS ) = ud), (mod (6%,p™))

ﬂapk(u)
Jor some u € OF.

Proof. Let = be an element in W/ WP" | which satisfies the conditions in Propo-
sition 4.7, and take a lifting y € W of x. By Proposition 4.7 (i) and Lemma
4.6, we can write div(y) = A + p"B where A is a divisor whose support is
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contained in the primes dividing ap. Since the class of p™B in A} is zero, we
can take z € (K* ® Z,)X such that div(z) = p™B. Put FL%IC’PK(Q) =y/2P" "
Then, Rﬁ‘,pK(u) is in Mg, and satisfies the above properties (i), (ii), and (iii) by
Proposition 4.7 and Lemma 4.6.

We will prove Theorem 0.1. First of all, as we saw in Proposition 3.2,
Fittoo, (A)) = ©jg- Recall that we put m = lengthy (A)), so
Fitto,0, (A%) = (»™). Next, we consider the commutative diagram before
Lemma 5.1. We denote by a; : Mg — Oye; ~ O, the composite of «
and the j-th projection. We take p, € Q, and a prime p, g of K above
pr. We consider g}%’pT’K € Mg. We choose A\, € Q, such that A\, # p,,
ord,(N(A;) — 1) = n, the class of A\, x in A} coincides with the class of p, f,
and ar(gx , ) modp™ = u'ly (g%, ) for some ' € OF. This is possible
by Chebotarev density theorem (Theorem 3.1 in Rubin [17], cf. also [16]). By
iclhe commutative diagram before Lemma 5.1 and div(gj o) = 0% lor kX, we
ave

ordy(ar (g}, ) +ny = ord, (6) = m. (3)

On the other hand, by Proposition 4.7, we have (), (g% , ) = udx mod (p™)
for some u € OF. Hence, ar(g) , ) = vl (9%, ) = uu'dy mod(p™).
From (3), 6) mod p™ # 0, hence, ord, (e, (g, ) = ord,(d5 ) (for a nonzero
element x in O, /p™, ord,(z) is defined to be ord, (&) where & is a lifting of
to Oy). Therefore, we have

ord,(6) ) =m —n,.

Hence, Fitty o, (A% ) = (p" ") is generated by 11}1(0}2(%)) by Corollary 4.5.
Thus, Fittl,OX (AXK) C (@1}17K)X C (@171())‘.

For any i > 1, we prove Fitt; o (A)%) C ©fx by the same method. We will
show that we can take A\, € Q,, A\rm1 € Q,_1,...inductively such that &y,
generates Fitt; o, (A%,) where a; = A - ... - A\y—it1. For i such that 1 < i <,
suppose that A,,...,A\._;+2 were defined. We first take p,_;41 € Q,_;+1, which

splits completely in K(q,_,). We consider x = kﬁ“i_l,pr_HLK(ui_l) € Mg where

we used the notation in Lemma 5.1. We choose A\,_;11 € Q,_;41 such that
Ar—it1 7# pr—it1, ordp(N(Ar—iy1)—1) = n, Ar_i41 splits completely in Kq, ),
the class of A\,_;+1,x in A}‘( coincides with the class of p,_;11,x in A}%, and
ar—it1(k) mod p" = u'ly, , (k) for some v’ € OF. This is also possible
by Chebotarev density theorem (Theorem 3.1 in Rubin [17], cf. also [16]).
By Lemma 5.1 (ii), div,,_,,, (k) = da,_, [pr—i+1]X (mod p™). Hence, from the
commutative diagram before Lemma 5.1, we obtain

ordy (v —it1(K)) + np—iy1 = ord, (0% ).
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By the hypothesis of the induction, we have ord, (4%, ,) =n1+ ... +np—iy1. It
follows that
ordy(ar—it1(K)) =n1 + ... + npy.

On the other hand, by Lemma 5.1 (iii), we have

ordy(ar_ir1(K) = ordy(b,_,,, (k) = ord, (5}

Qi1 A4 )
= ord,(dy,).

Therefore,

ord,(6Y) = ny + ... +npy.
This shows that da, generates Fitt; o, (A% ) = (p™ T " ~i). Hence, by Corol-
lary 4.5 we obtain

La (0%, ) = (%) = Fitt; 0, (A}).

Thus, we have Fitti’ox (AXK) C (ei,l,K)X C (ei,K)X-

Note that for i = 7, we have got ©) ;- = (1). Hence, O = (1) for all i > r,
and we have Fitt; o, (A%) = O for all i > 0. This completes the proof of
Theorem 0.1.

A APPENDIX

In this appendix, we determine the initial Fitting ideal of the Pontrjagin dual
(A;OO)V (cf. §2) of the non-w component of the p-primary component of the
ideal class group as a Z,[[Gal(Fx /k)]]-module for the cyclotomic Z,-extension
F of a CM-field F such that F'/k is finite and abelian, under the assumption
that the Leopoldt conjecture holds for k and the p-invariant of F' vanishes.
Our aim is to prove Theorem A.5. For the initial Fitting ideal of the Iwasawa
module Xp, =limAp, of Fu, see [11] and Greither’s results [3], [4].

Suppose that Aq,...,A\,. are all finite primes of k, which are prime to p and
ramifying in F/k. We denote by P, the p-Sylow subgroup of the inertia
subgroup of \; in Gal(Fu/k). We first assume that

(%) Py, X ... x Py, C Gal(Fso /k).

(Compare this condition with the condition (A,) in [11] §3.)
We define a set H of certain subgroups of Gal(Fu./k) by

H={Hox Hy x..x H,.| His a finite subgroup of Gal(Fy,/k)
with order prime to p and H; is
a subgroup of Py, for alli (1 <14 <7r)}.
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We also define
M={My |k C My C Fsx, M is the fixed field of some H € H}.
For an intermediate field M, of F/k, we denote by
Vit + Zyl[Gal(Moo/R)]]™ — Z,[[Gal (Fuo /)]

the map induced by o — ZT‘MOO —o7 for 0 € Gal(My/k). We define @;oo/k
to be the Z,[[Gal(F. /k)]]~-module generated by v /. (037 ) for all Mo, €
MFOO/k.

Put Ap = Z,[[Gal(F /k)]]. Let ¢ : Ap — Ap be the map defined by o +— o~ !
for all o € Gal(Fx/k). For a Ap-module M, we denote by M™ to be the
component obtained from M~ by removing M* ', namely M~ = M~ @ M«
if 4, C F,and M~ = M® otherwise (cf. 1.1). The map ¢ induces M~ — M~
which is bijective.

ProrosITION A.1. We assume that the p-invariant of F vanishes. Under the
assumption of (%), we have

Fittoap (A7 )")~ = «(OF_ /i)-

Proof. This can be proved by the same method as the proof of Theorem 0.9
in [11] by using a slight modification of Lemma 4.1 in [11]. In fact, instead of
Corollary 5.3 in [11], we can use

LEMMA A.2. Let L/K be a finite abelian p-extension of CM-fields. Suppose
that P is a set of primes of Koo which are ramified in Lo, and prime to p. For
v € P, e, denotes the ramification index of v in Lo /K. Then, we have an
exact sequence

0 — A — (A ) Ee/K) s (D Z/e,Z)~ — 0
veEP

Proof of Lemma A.2. It is enough to prove H’O(LOO/KOO,AZOO) =
(B,cpZ/esZ)~. Let P, be the set of primes of K, ramifying in
L,. Then, by Lemma 5.1 (ii) in [11], we have ﬁO(Ln/Kn,AZn) =

(DBoep H (Lnw/Knw, OF, )~ = (Byep Z/enZ)™ where w is a prime
of L, above v. If v is a prime above p, it is totally ramified in K,
for sufficiently large n, hence we have lim(®,cps ., Z/€vZ)™ = 0. On

the other hand, 1im(@vep, oty Z/e,Z)~ = (@Uep Z/e,Z)~. Thus, we get
HY(Loo /Koo, A7) = (Byep Z/euZ)™.

Next, we consider a general CM-field F' with F'/k finite and abelian. We assume
that the Leopodt conjecture holds for k.
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LEMMA A.3. (Iwasawa) Let A be a prime of k not lying above p. Suppose that
k(Ap™>) is the mazimal abelian pro-p extension of k, unramified outside pA.
Then the ramification index of A in k(Ap™) is p™* where ny = ord,(N(A) —1).

In fact, Iwasawa proved that the Leopoldt conjecture implies the existence of
“M-field” (g-field) in his terminology ([5] Theorem 1). This means that the
ramification index of A is p™*.

LEMMA A.4. Let F/k be a finite abelian extension such that F is a CM-field.
Then, there is an abelian extension F'/k satisfying the following properties.
(i) Fl, D Fwo, and the extension F._ /Fy is a finite abelian p-extension which
18 unramified outside p.

(i) F., satisfies the condition (x).

Proof. This follows from Lemme 2.2 (ii) in Gras [2], but we will give here a
proof. Suppose that A1,...,\ are all finite primes ramifying in Fi, /k, and prime

to p. We denote by egf: ) the p-component of the ramification index of A; in Fi.
By class field theory, egfz) < p™i. We take a subfield k; of k(\;p™) such that

k;/k is a p-extension, and the ramification index of k; /k is eg\’: ). This is possible
by Lemma A.3. Take F’ such that F. = Fooky...k,. It is clear that F’ satisfies
the condition (i). Since ki...k, C F.,, F’ satisfies the condition (x).

We define «(0% /) by uOF_,) = CFéo/Foo(L(@;éo/k)) where cpr /.
Ap: — Ap is the restriction map. This «(©%_ /) does not depend on the
choice of F'. In fact, we have

THEOREM A.5. We assume the Leopoldt conjecture for k and the vanishing of
the p-invariant of F. Then, we have

Fitto.a (A%,)Y)~ = t(OF_ /1)-

Proof. We take F’ as in Lemma A.4. By Proposition A.1, Theorem A.5 holds
for F! . Since F!_/F4 is unramified outside p, by Lemma A.2 the natural map
Ay — (AR )GallFee/Fo) §s an isomorphism. Hence, we get

Fittoa, (A5 )Y)S = cryr. (Fittoa,, (A% )")~) = cr/ro (U(OF 1))
= ;Oo/k)'

This completes the proof of Theorem A.5.
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