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0 Introduction

Let E be an elliptic curve defined over Q. We fix a prime number p, and sup-
pose that K∞/Q is the cyclotomic Zp-extension. Put Λ=Zp[[Gal(K∞/Q)]].
A remarkable theorem by Rubin (CM case) and Kato (non CM case) [24]
[14], which was a conjecture of Mazur, states that the Pontrjagin dual of the
p-primary component of the Tate Shafarevich group of E over K∞ is a tor-
sion Λ-module if E has ordinary reduction at p. By this fact together with
Mazur’s control theorem [17] and the general theory of torsion Λ-modules
which goes back to Iwasawa, we know the asymptotic behaviour of the Tate
Shafarevich groups over Kn as n → ∞ where Kn denotes the subfield of
K∞ such that [Kn : Q] = pn . Namely, if the p-primary components of the
Tate Shafarevich groups of E over Kn are finite and if we denote the order
by pen , we know that there exist λ, µ ∈ Z≥0 and ν ∈ Z such that

en = λn + µpn + ν
for all sufficiently large n. This is, of course, an analogue of Iwasawa’s
famous formula for the class numbers of the intermediate fields in a Zp-
extension [12]. But if E does not have potentially ordinary reduction, we
know almost nothing about the asymptotic behaviour of the Tate Shafarevich
groups1. Our aim in this paper is to study the asymptotic behaviour in the
case that E has supersingular reduction at p. (See [3] Chap. 4 and [6] §5
for more details on this problem.)

In this part I, we consider the simplest situation. Suppose that E has
supersingular reduction at p. Let L(E, s) be the L-function of E. Our main
assumption is that p does not divide L(E, 1)/ΩE where ΩE is the Néron
period. If the Birch and Swinnerton-Dyer conjecture is true, this would

1 see “Note added in proof”
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imply that rank E(Q) = 0, and the p-component of the Tate Shafarevich
group over Q is trivial, and that p does not divide the Tamagawa factor
Tam(E) = Πc� = Π(E(Q�) : E0(Q�)). (As usual, E0(Q�) is the subgroup
which consists of the points whose reduction to E(F�) is not a singular
point.) Our main theorem in this paper is the following.

Theorem 0.1 Let p be an odd prime number. We assume that E has su-
persingular reduction at p, and that p satisfies

ordp(L(E, 1)/ΩE) = 0

and

p 
 | Tam(E) = Πc�.

Further, we assume that the Galois action

ρE[p] : GQ = Gal(Q/Q) −→ Aut(E[p])  GL2(Fp)

on the p-torsion points E[p] is surjective. Let K∞/Q be the cyclotomic
Zp-extension, and for n ≥ 0, Kn denote the field satisfying Q ⊂ Kn ⊂ K∞
and [Kn : K ] = pn. We put Λ = Zp[[Gal(K∞/Q)]].
(1) The Pontrjagin dual ( III− (E/K∞){p})∨ of the p-primary component of
the Tate Shafarevich group of E/K∞ is isomorphic to Λ as a Λ-module.
(2) For any n ≥ 0, the rank of E(Kn) is zero, and the p-primary component

III− (E/Kn){p} of the Tate Shafarevich group of E/Kn is finite.
(3) We define en by

pen = #III− (E/Kn){p}.
Then we have

e0 = e1 = 0

and

en =
{

pn−1 + pn−3 + ...+ p− n
2 for any even n ≥ 2

pn−1 + pn−3 + ...+ p2 − n−1
2 for any odd n ≥ 3.

(4) For any n > 0, let θKn be the modular element of Mazur and Tate
(see §1 for the definition). For any m and n such that 0 ≤ m < n,
let νm,n : Zp[Gal(Km/Q)] −→ Zp[Gal(Kn/Q)] denote the ring homo-
morphism defined by σ �→ Στ for σ ∈ Gal(Km/Q) where τ ranges
over all elements of Gal(Kn/Q) projecting to σ . Then, the Pontrjagin dual
( III− (E/Kn){p})∨ of the p-primary component of the Tate Shafarevich group
over Kn is isomorphic to

Zp[Gal(Kn/Q)]/(θKn, νn−1,n(θKn−1))

as a Zp[Gal(Kn/Q)]-module.
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Remark 0.2 (1) Let [x] denote the maximal integer m such that x ≥ m for
a real number x. Then, Theorem 0.1 (3) can be formulated as

en = [µpn + λn], µ = p

p2 − 1
, λ = −1

2

for any n ≥ 0. The idea to use rational numbers as invariants in the formu-
lation of Theorem 0.1 (3) was suggested to me by Y.Ihara.

(2) Theorem 0.1 (1) and (2) are not very difficult if we use a deep theorem
of Kato [14]. In fact, we will prove L(E/Kn, 1) 
= 0 for all n ≥ 0 in
Proposition 1.2. This implies Theorem 0.1 (2) by Kato’s theorem [14].
Further, if we denote by Sel(E/K∞) the Selmer group with respect to E[p∞]
(cf. Definition 4.1), the above implies that Sel(E/K∞) is equal to the p-
component of III− (E/K∞). For the Selmer group, we know its Pontrjagin
dual is isomorphic to Λ (cf. Coates and Sujatha [3] Theorem 4.5), so we
obtain Theorem 0.1 (1). Our main results are Theorem 0.1 (3) and (4). (For
several phenomena of Iwasawa theory of elliptic curves with supersingular
reduction, see also Perrin-Riou [21] and [22].)

(3) Theorem 0.1 (3) is compatible with the Birch and Swinnerton-Dyer
conjecture. More precisely, we can verify the p-part of the Birch and
Swinnerton-Dyer conjecture for E over Kn by using Theorem 0.1 (3) (see
Remark 1.3).

(4) By Theorem 0.1 (4), we know the structure of III− (E/Kn){p} as an
abelian group for all n ≥ 0. See Theorem 7.4.

(5) An analogous case in the ordinary setting is the following. Assume that
E has good ordinary reduction at p, and that rank E(Q) = 0, and that E(Q)
does not contain a point of order p, and that the p-component of the Tate
Shafarevich group of E over Q is trivial. We further assume that ap 
≡ 1
(mod p) where ap = p+ 1− #E(Fp), and that p does not divide Tam(E).
Then, by the control theorem of Mazur ([17]), we obtain en = 0 for all
n ≥ 0, namely the p-component of the Tate Shafarevich group of E over
Kn is trivial (cf. [5] Prop. 3.8).

Concerning the ideal class groups of number fields, the following is well
known. Let K be a number field such that p is inert in K/Q, and that p does
not divide the class number of K . Suppose that K∞/K is the cyclotomic
Zp-extension, and that Kn is the n-th layer. Then, the p-primary part of the
ideal class group of Kn is trivial for all n ≥ 0 (Iwasawa [11]).

(6) We note that for a given elliptic curve E without complex multiplication,
there exist infinitely many p’s which satisfy the conditions in Theorem 0.1.
For example, if E = X0(11), any odd supersingular prime (p = 19, 29,...)
satisfies the conditions.

(7) In the part II of this paper, we will study the asymptotic formula of the
orders of the Tate Shafarevich groups without assuming the condition on
the L-values.
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Mazur and Tate conjectured that their modular element is in the Fitting
ideal of the Pontrjagin dual of the Selmer group (Conjecture 3 in [19]). We
propose

Conjecture 0.3 Let E be an elliptic curve over Q, and p be an odd prime
number, and Kn the n-th layer of the cyclotomic Zp-extension of Q. As-
sume that E has good reduction at p, and that E(Q) does not have a point
of order p, and that p does not divide the Tamagawa factor Tam(E). Sup-
pose that θKn is the modular element of Mazur and Tate (see §1 for the
definition), and Sel(E/Kn)

∨ is the Pontrjagin dual of the Selmer group
concerning E[p∞] (see §4 for the definition). Then, the Fitting ideal of the
Zp[Gal(Kn/Q)]-module Sel(E/Kn)

∨ is generated by θKn and νn−1,n(θKn−1),
namely

FittZp[Gal(Kn/Q)](Sel(E/Kn)
∨) = (θKn , νn−1,n(θKn−1)).

This conjecture gives more information than the usual Iwasawa Main
Conjecture. For conjectures of this type for the ideal class groups of abelian
fields, see [16].

Theorem 0.1 (4) says that under the assumption of Theorem 0.1 Con-
jecture 0.3 is true.

The organization of this paper is as follows. In §1 we study the value
L(E, ψ−1, 1) for a character ψ of Gal(Kn/Q). In §2 and §3 we study an
elliptic curve E over Qp. In §2 we study the norm map of the rational points
of E over local fields, and we also introduce an analogue of Artin-Hasse-
Shafarevich exponential for E. In §3 we introduce a certain pairing Pn(x, z)
which is related to the works of Perrin-Riou [23], [22] (cf. also Rubin [25]
Appendix). This pairing has an integrality property, and plays an important
role in §7. In §4 we define a certain subgroup Sel0(E/F) of the Selmer group
of an elliptic curve E over F, and give some results which are consequences
of a control theorem for Sel0(E/F). (If p is a supersingular prime, we do
not have a control theorem for the Selmer groups, but a control theorem can
be proved for Sel0(E/F).) Using this subgroup of the Selmer group, we can
formulate the Iwasawa Main Conjecture, which will be explained in §6. In
§5 under the assumption of Theorem 0.1 we give a description of the Selmer
group by using the zeta elements of Kato. In §7 we prove Theorem 0.1. We
define rn by

rn = [µpn + λn] µ = p

p2 − 1
, λ = −1

2

as in Remark 0.2 (1), and en by pen = #III− (E/Kn){p}. Theorem 0.1 (3)
says that en = rn for any n ≥ 0. The inequality en ≥ rn follows from some
calculation of the formal groups in §2 and the finiteness of Sel(E/Kn). The
inequality en ≤ rn is more difficult, and we need the argument involving
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the zeta elements of Kato, the modular elements of Mazur and Tate, and the
pairing in §3.

I would like to express my hearty thanks to J. Coates and R. Greenberg
for valuable discussions on this topic. Especially, the discussion with them
at Nikko in 1998 was inspiring, and made me study the subject in this paper.
I would also like to thank Y. Ihara heartily for giving me an important
suggestion (cf. Remark 0.2 (1)). I am also grateful to K. Kato for constant
discussions on Iwasawa theory.

Notation

For a group G and a G-module M, MG denotes the G-invariant part and
MG denotes the G-coinvariant. For a prime number p, ordp : Q× −→ Z is
the normalized additive valuation such that ordp(p) = 1.

1 The values of L-functions

Suppose that E is a modular elliptic curve over Q and L(E, s) = Σann−s

is the corresponding L-function.
For n ≥ 0, we put G′n = Gal(Q(µpn)/Q)/{±1}  (Z/pn)×/{±1}, and

denote by σa the element corresponding to a ∈ (Z/pn)×/{±1}. Let

θpn =
∑

a∈(Z/pn)×/{±1}

[
a

pn

]
σa ∈ Q[G′n]

be the modular element defined by Mazur and Tate [19] p.716. (Here, [a/b]
is defined as follows. Let f(z) = Σan exp(2πinz) be the modular form
corresponding to E. We define [a/b] by

2π
∫ ∞

0
f
(a

b
+ iy

)
dy =

[a

b

]
Ω+

E +
[a

b

]−
Ω−

E

where Ω±
E are the Néron periods. We write ΩE = Ω+

E .)
Let p be an odd prime. Suppose that θpn is in Z(p)[G′n] for every n ≥ 0

where Z(p) denotes the localization of Z at the prime ideal (p) (we will
see later that if we assume the conditions of Theorem 0.1, θpn ∈ Z(p)[G′n]
certainly holds). We define θKn ∈ Z(p)[Gal(Kn/Q)] to be the image of
θpn+1 ∈ Z(p)[G′n+1] by the natural map Z(p)[G′n+1] −→ Z(p)[Gal(Kn/Q)].

Suppose that m and n are integers such that 0 ≤ m ≤ n. We denote by

πn,m : Z(p)[Gal(Kn/Q)] −→ Z(p)[Gal(Km/Q)]
the natural projection, and by

νm,n : Z(p)[Gal(Km/Q)] −→ Z(p)[Gal(Kn/Q)]
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the trace map which sends σ to Στ where τ ranges through all elements of
Gal(Kn/Q) projecting to σ in Gal(Km/Q). We put ap = p + 1− #E(Fp).
Then, by the formula (1.3) (4) in [19], we have

πn,n−1(θKn) = apθKn−1 − νn−2,n−1(θKn−2)

for n ≥ 2.
We define an ideal In of Z(p)[Gal(Kn/Q)] to be the ideal generated by

all νm,n(θKm ) such that 0 ≤ m ≤ n.
The following lemma can be checked easily by the above formula on

θKn , θKn−1, and θKn−2. (So In ⊗ Zp is the ideal appearing in the right hand
side of Conjecture 0.3).

Lemma 1.1 For n ≥ 1, In is generated by θKn and νn−1,n(θKn−1). We also
have πn,m(In) ⊂ Im and νm,n(Im) ⊂ In for any m and n with 0 ≤ m ≤ n.

For a Dirichlet character ψ, we denote by L(E, ψ, s) = Σanψ(n)n−s

the twisted L-function.
Our aim in this section is to show

Proposition 1.2 We assume that E has supersingular reduction at an odd
prime p, and that ordp(L(E, 1)/ΩE) = 0. Letψ be a Dirichlet character of
conductor pn+1 which factors through Gal(Kn/Q), and L(E, ψ−1, s) be the
twisted L-function by the character ψ−1. We denote by τ(ψ) the Gauss sum
Σψ(a) exp(2πia/pn+1). Then, τ(ψ)L(E, ψ−1, 1)/ΩE is in Q(µpn) (where
µpn is the group of pn-th roots of unity), and its p-adic valuation can be
computed as follows. Let ordp : Q(µpn)× −→ Q be the additive valuation
of the prime ideal of Q(µpn ) lying over p such that ordp(p) = 1. For n = 1,
ordp(τ(ψ)L(E, ψ−1, 1)/ΩE) = 0. For any n ≥ 2 we have

ordp(τ(ψ)L(E, ψ
−1, 1)/ΩE) = qn

pn−1(p− 1)

where qn is defined by

qn =
{

pn−1 − pn−2 + pn−3 − pn−4 + ...+ p − 1 for even n ≥ 2
pn−1 − pn−2 + pn−3 − pn−4 + ...+ p2 − p for odd n ≥ 3.

First of all, we will show θpn ∈ Z(p)[G′n]. Since p is a supersingular
prime, the Galois representation of GQ = Gal(Q/Q) on the p-torsion points
E[p] is irreducible. Hence, by Corollary 4.1 in [18] and Proposition 3.3
in [7], the Manin constant of E for X1(N) is not divisible by p. Namely,
we can take a parametrization ρ : X1(N) −→ E such that ρ∗(ωE) =
c1 f(q)dq/q and c1 
≡ 0 (mod p). Here, ωE is the Néron differential, and
f(q) is the normalized eigenform of level N corresponding to E. Further,
since p is a supersingular prime, E(Q(µpn)) does not contain a point of
order p for any n > 0. These facts together with L(E, 1)/ΩE ∈ Z(p)
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imply, by Theorem 3.14 in Stevens [26], that θpn is in Z(p)[G′n]. So θKn is in
Z(p)[Gal(Kn/Q)].

We extend ψ to a ring homomorphism ψ : Z(p)[Gal(Kn/Q)] −→
Z(p)[µpn ]. Then we haveψ(θKn) = τ(ψ)L(E, ψ−1, 1)/2ΩE by (1.4) in [19].
So in order to prove this proposition, it is enough to compute ordp(ψ(θKn)).

For n = 0, by definition, θK0 = π(θp) where π is the map σ �→ 1 for
σ ∈ G′1. We have π(θp) = (ap−2)θp0 = (ap−2)θ1 = (ap−2)L(E, 1)/2ΩE
by (1.3) (1) in [19], so θK0 = (ap − 2)L(E, 1)/2ΩE , and it is a unit of Z(p)
by our assumption.

By (1.3) (4) in [19], we get π1,0(θK1) = apθK0−(p−1)θ1 = (ap(ap−2)
−(p−1))L(E, 1)/2ΩE , so π1,0(θK1) is a unit, and θK1 is also a unit. Hence,
for n = 1, we obtain ordp(τ(ψ)L(E, ψ−1, 1)/ΩE) = 0.

Next, we consider the case n ≥ 2. We take a generator γ of Gal(Kn/Q)
and identify Z(p)[Gal(Kn/Q)]with Z(p)[T ]/((1+ T )pn − 1) by identifying
γ with 1+ T . Then, from

πn,n−1(θKn) = apθKn−1 − νn−2,n−1(θKn−2),

we can write

θKn = apθ̃Kn−1 −
(1+ T )pn−1 − 1

(1+ T )pn−2 − 1
θ̃Kn−2 + ((1+ T )pn−1 − 1)g

for some g ∈ Z(p)[Gal(Kn/Q)] where θ̃Kn−1 and θ̃Kn−2 are elements of
Z(p)[Gal(Kn/Q)] which project to θKn−1 and θKn−2 , respectively. By induc-
tion on n and the fact that p divides ap, we can write

θKn =




(1+ T )pn−1 − 1

(1+ T )pn−2 − 1

(1+ T )pn−3 − 1

(1+ T )pn−4 − 1
...
(1+ T )p − 1

T
un + pαn

+(1+ T )pn−1 − 1

(1+ T )pn−2 − 1

(1+ T )pn−3 − 1

(1+ T )pn−4 − 1
...{(1+ T )p − 1}βn

for even n ≥ 2
(1+ T )pn−1 − 1

(1+ T )pn−2 − 1

(1+ T )pn−3 − 1

(1+ T )pn−4 − 1
...
(1+ T )p2 − 1

(1+ T )p − 1
un + pαn

+(1+ T )pn−1 − 1

(1+ T )pn−2 − 1

(1+ T )pn−3 − 1

(1+ T )pn−4 − 1
...
(1+ T )p2 − 1

(1+ T )p − 1
Tβn

for odd n ≥ 3

for some un ∈ Z×(p) and some αn , βn ∈ Z(p)[Gal(Kn/Q)]. Put ψ(γ) = ζ .
Since ψ is of conductor pn+1, ζ is a primitive pn-th root of unity, and
ψ : Z(p)[Gal(Kn/Q)] = Z(p)[T ]/((1 + T )pn − 1) −→ Z(p)[µpn ] is given
by f(T ) �→ f(ζ − 1). Hence, we obtain

ordp(ψ(θKn)) =
qn

pn−1(p − 1)
.

This completes the proof of Proposition 1.2.
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Remark 1.3 The Birch and Swinnerton-Dyer conjecture for E/Kn predicts

L(E/Kn, 1) =
#III− (E/Kn)

(#E(Kn)tors)2
Tam(E/Kn)

1√
dKn

(ΩE)
pn

where dKn is the discriminant of Kn (cf. [1], see also [2] §5). Hence, by

Proposition 1.2, ordp(#III− (E/Kn)) is conjectured to be Σn
i=2qi which is

equal to en in Theorem 0.1 (3). Hence, Theorem 0.1 (3) implies the p-part
of the Birch and Swinnerton-Dyer conjecture for E/Kn .

2 Preparation from formal groups

2.1. In this subsection, we study a one-dimensional formal group F defined
over Zp with height 2. For any finite extension k of Qp, mk denotes the
maximal ideal of the integer ring Ok, and F (mi

k) denotes the group defined
by F on mi

k.
Let k∞/Qp be the cyclotomic Zp-extension, and for n ≥ 0, kn be the

field satisfying Qp ⊂ kn ⊂ k∞ and [kn : Qp] = pn . For an integer n > 0,
we consider the norm map

N : F (mkn ) −→ F (mkn−1).

For n = 1, N is surjective by Theorem 6.1 in Hazewinkel [8]. For n ≥ 2,
we have

Proposition 2.1

ordp #(F (mkn−1)/NF (mkn )) ≥ qn

where qn is the number defined in Proposition 1.2.

Proof of Proposition 2.1. We use the method of Hazewinkel [9]. By Hon-
da’s theory [10], we may assume F is a formal group whose logarithm is of
the form logF (T ) = Σan T pn

. By Lemma 2.4 in [9], we have ordp(a2i) = −i
and ordp(a2i+1) ≥ −i. So, for a finite extension k/Qp, logF : F (mk) −→ k
induces isomorphisms

logF : F
(
m j

k

) −→ m j
k

for all j > vk(p)/(p2 − 1).
We first consider a commutative diagram

F (mkn )
logF−→ kn�N

�Tr

F (mkn−1)
logF−→ kn−1
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where N : F (mkn ) −→ F (mkn−1) (resp. Tr : kn −→ kn−1) is the norm map
(resp. the trace map). Put

sn =
{

pn−2 + pn−4 + ...+ p2 + 2 for even n ≥ 2
pn−2 + pn−4 + ...+ p+ 1 for odd n ≥ 3,

namely sn = [pn/(p2− 1)]+ 1. By (3.1) and (3.4) in [9], if i ≥ sn , we have

Tr
(

logF

(
mi

kn

)) = Tr
(
mi

kn

) = m j
kn−1

where

j =
[

pn−1 + 1+ i − 2

p

]
.

Put

tn =
[

pn−1 + 1+ sn − 2

p

]

=
{

pn−1 + pn−3 + ...+ p+ 1 for even n ≥ 2
pn−1 + pn−3 + ...+ p2 + 1 for odd n ≥ 3.

Since tn > pn−1/(p2−1), logF induces an isomorphism logF (F (m
tn
kn−1

)) 
mtn

kn−1
. Hence, the above commutative diagram implies that

NF
(
msn

kn

) = F
(
mtn

kn−1

)
.

Since #(F (mkn )/F (m
sn
kn
)) = psn−1 and #(F (mkn−1)/F (m

tn
kn−1
)) = ptn−1,

we have

ordp(#(F (mkn−1)/NF (mkn ))) ≥ (tn − 1)− (sn − 1).

From tn − sn = qn , we get the conclusion of Proposition 2.1.

2.2. Let E be an elliptic curve over Qp with good reduction. In this subsec-
tion, we will give an analogue of Artin-Hasse-Shafarevich exponential for
E (Proposition 2.2). We also remark that in the case ap = 0 (note that if p
is a supersingular prime ≥ 5, we always have ap = 0) the situation in this
subsection is very simple (see Remark 2.3 (1)).

2.2.1. Let Ê be the formal group associated to E, and logÊ(X) = X + ...
∈ Qp[[X]] (resp. expÊ = X + ... ∈ Qp[[X]] ) be the logarithm (resp. the
exponential) of Ê. Ê defines a group structure on XQp[[X]] which we
denote by Ê(XQp[[X]]). As is well known, logÊ gives an isomorphism
from Ê(XQp[[X]]) to XQp[[X]] and expÊ gives the inverse. We define
a ring homomorphism

ϕ : Qp[[X]] −→ Qp[[X]]
by ϕ(Σai Xi) = Σai Xip.
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We put ap = p+ 1− #E(Fp). We define a sequence (cn)n≥0 of rational
numbers by c0 = 0, c1 = 1, and cn+1 − p−1apcn + p−1cn−1 = 0. Put

g(X) =
∞∑

n=0

cn+1 X pn
.

Then, (ϕ2− apϕ+ p)g(X) = pX, so in the terminology of Honda [10] §2,
g(X) is of type T 2 − apT + p. Hence, there is a formal group F defined
over Zp whose logarithm is g(X) ([10] Theorem 2). Since logÊ is also of
type T 2 − apT + p ([10] Theorem 9 (6.7)), F and Ê are isomorphic as
formal groups over Zp ([10] Prop. 3.5). Hence, expÊ(g(X)) ∈ Zp[[X]].

Put E = expÊ ◦(Σ∞n=0cn+1ϕ
n). Then, we have E(Xi) = expÊ(g(X

i)) for
any i > 0, so E(Xi) ∈ Zp[[X]]. Hence, for any f(X) ∈ XZp[[X]] we have
E( f(X)) ∈ Zp[[X]], and E gives a homomorphism

E : XZp[[X]] −→ Ê(XZp[[X]])
(which can be proved to be bijective).

2.2.2. Let E be a smooth elliptic curve over Zp whose generic fiber is E, and
whose special fiber we denote by E0. We consider a crystalline cohomology
D = H1

cris(E 0/Zp), which is a free Zp-module of rank 2, and has the
Frobenius endomorphism Φ : D −→ D . We write D = D ⊗Zp Qp and
define ϕ to be ϕ = p−1Φ : D −→ D, which satisfies ϕ−2−apϕ

−1+ p = 0.
Let ω = ωE be the Néron differential of E which we regard as an

element of D . We denote by D0 the subgroup of D generated by invariant
differentials, so we have D0 = Qpω. We have [ϕ(ω), ω] 
= 0.

Let k be a finite extension of Qp and mk be the maximal ideal of the ring
of integers of k. The map

log : Ê(mk) −→ Hom(D0, k)

is defined by x �→ (ω �→ logÊ(x)) where logÊ is the formal logarithm
in 2.2.1. By using the cup product [ , ] : D × D −→ Qp of de Rham
cohomology D, we regard log to be the map

log : Ê(mk) −→ (D/D0)⊗ k

which sends x to logÊ(x)ω
∗ where ω∗ is an element of D such that

[ω∗, ω] = 1. The exponential map

exp : tan(E)⊗ k = D/D0 ⊗ k −→ Ê(mk)⊗Qp

is defined as the inverse of log, and we have exp(xω∗) = expÊ(x) if x∈(mk)
i
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and i is sufficiently large. We define

exp : XQp[[X]] ⊗ D −→ Ê(XQp[[X]])
by exp( f(X)⊗ (aω+ bω∗)) = expÊ(b f(X)).

Let ϕ : Qp[[X]] −→ Qp[[X]] be the endomorphism as above. We define

ϕ : Qp[[X]] ⊗ D −→ Qp[[X]] ⊗ D

by ϕ( f(X)⊗ α) = ϕ( f(X))⊗ ϕ(α).
The following proposition is an analogue of Artin-Hasse-Shafarevich

exponential for E.

Proposition 2.2 Put Ex p = exp ◦(1 + ϕ + ϕ2 + ...). For any f(X) ∈
XZp[[X]], we have

Ex p( f(X)⊗ [ϕ(ω), ω]−1ω) ∈ Ê(XZp[[X]])
and

Ex p( f(X)⊗ [ϕ(ω), ω]−1ϕ(ω)) ∈ Ê(XZp[[X]]).

Proof. Let (cn)n≥0 be as in 2.2.1. Using ϕ2 = p−1apϕ− p−1 on D, we can
show

ϕn(ω) = − 1

p
cn−1ω+ cnϕ(ω).

By using E in 2.2.1, we get

Ex p( f(X)⊗ [ϕ(ω), ω]−1ω) = exp(
∞∑

n=0

(ϕn( f(X))⊗ [ϕ(ω), ω]−1cnϕ(ω)))

= expÊ(

∞∑
n=0

ϕn( f(X))cn)

= expÊ(

∞∑
n=0

cn+1ϕ
n(ϕ( f(X))))

= E(ϕ( f(X))).

Hence, we obtain Ex p( f(X)⊗ [ϕ(ω), ω]−1ω) ∈ Ê(XZp[[X]]).
By the same method, we have

Ex p( f(X)⊗ [ϕ(ω), ω]−1ϕ(ω)) = expÊ(

∞∑
n=0

cn+1ϕ
n( f(X)))

= E( f(X)),

so we get Ex p( f(X)⊗ [ϕ(ω), ω]−1ϕ(ω)) ∈ Ê(XZp[[X]]).
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Remark 2.3 (1) Suppose that ap = 0. Then, (cn)n≥0 becomes simple, and
we have g(X) = Σ∞k=0(−1)k p−k X p2k

and

E = expÊ ◦
(

1− ϕ2

p
+ ϕ4

p2
+ ...+ (−1)k

ϕ2k

pk
+ ...

)
.

Hence, the function Ex p in Proposition 2.2 also has a simple form.

(2) If the action of GQp on the p-torsion points E[p] is irreducible (for
example, if E has supersingular reduction), we can show that [ϕ(ω), ω] is
a unit (cf. [4] §9) (though we do not use this fact in this paper).

3 The image of a certain pairing Pn(x, z)

In this section, we assume E is an elliptic curve over Qp, which has good
supersingular reduction.

We use the same notation as in §2.2, and consider D, ϕ : D −→ D,
D0 = Qpω, etc.

We fix a generator (ζpn) of Zp(1), namely ζpn is a primitive pn-th root
of unity, and ζ p

pn+1 = ζpn for any n ≥ 1. For n ≥ 1, we define

γn : D −→ D⊗Qp(µpn )

by

x �→ 1

pn
(

n−1∑
i=0

ϕi−n(x)⊗ ζpn−i + (1− ϕ)−1(x)).

This map plays an important role to define p-adic L-functions generally in
a work of Perrin-Riou [23], but we do not mention p-adic L-functions here.

The following lemma can be checked easily (cf. Rubin [25] Lemma A1).

Lemma 3.1 (i) For n ≥ 1 we have

TrQp(µpn+1)/Qp(µpn )(γn+1(x)) = γn(x)

and

TrQp(µp)/Qp(γ1(x)) = (1− ϕ)−1

(
1− ϕ−1

p

)
(x).

(ii) Assume that ψ is of conductor pm such that 0 < m ≤ n. Put

Gn = Gal(Qp(µpn )/Qp).

We extendψ by linearity to a ring homomorphismψ : D⊗Qp(µpn )[Gn] −→
D⊗Qp(µpn). Then, we have

ψ(
∑
σ∈Gn

γn(x)
σσ) = 1

pm
τ(ψ)ϕ−m(x)

where τ(ψ) = Σσ∈Gm
ψ(σ)ζσpm is the Gauss sum.
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Let T = Tp(E) be the Tate module of E, and V = T⊗Zp Qp. We consider
a Galois cohomology group H1(Qp(µpn), V ) and the dual exponential map
exp∗ : H1(Qp(µpn), V ) −→ D⊗Qp(µpn ), which is defined by Tate duality
as the dual of the exponential map D ⊗ Qp(µpn ) −→ H1(Qp(µpn ), V )
(cf. [13] Chap. II §1.2). Let

D× D −→ Qp
(x, y) �→ [x, y]

be the cup product of the de Rham cohomology. We extend this product
linearly to

D⊗Qp(µpn)[Gn] × D⊗Qp(µpn )[Gn] −→ Qp(µpn)[Gn].
For (x, z) ∈ D× H1(Qp(µpn ), V ), we define Pn(x, z) by

Pn(x, z) = [
∑
σ∈Gn

γn(x)
σσ,

∑
σ∈Gn

exp∗(σ(z))σ−1]

(cf. Rubin [25] p. 366).

Lemma 3.2

Pn(x, z) =
∑
σ∈Gn

TrQp(µpn )/Qp[γn(x)
σ , exp∗(z)]σ.

Proof (cf. [25] p. 366). In fact, we have

Pn(x, z) =
∑
σ∈Gn

∑
τ∈Gn

[γn(x)
τ , exp∗(τσ−1(z))]σ

=
∑
σ∈Gn

TrQp(µpn )/Qp[γn(x), exp∗(σ−1(z))]σ

=
∑
σ∈Gn

TrQp(µpn )/Qp[γn(x)
σ , exp∗(z)]σ.

By Lemma 3.2, we know that Pn (x, z) is in Qp[Gn]. Further, by a straight-
forward calculation using Lemma 3.2, we have

Lemma 3.3 Let π : Qp[Gn] −→ Qp[Gn−1] be the natural map. Then, we
have

π(Pn(x, z)) = Pn−1(x, N(z))

where N : H1(Qp(µpn ), V ) −→ H1(Qp(µpn−1), V ) is the corestriction
map.

From the definition of Pn(x, z) and Lemma 3.1, we have the following
two lemmas (cf. [25] Proposition A2 (i)).
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Lemma 3.4 Let ψ be a character of Gn, whose conductor is pm such that
0 < m ≤ n. We extend ψ to ψ : Qp[Gn] −→ Qp(µpm ). Then, we have

ψ(Pn(x, z)) = 1

pm
τ(ψ)

∑
σ∈Gn

ψ−1(σ)[ϕ−m(x), exp∗(σ(z))]

where τ(ψ) is the Gauss sum in Lemma 3.1.

Lemma 3.5 Let 1 denote the character of Gn, whose conductor is 1. Then,
we have

1(Pn(x, z)) =
[
(1− ϕ)−1

(
1− ϕ−1

p

)
(x), exp∗(N(z))

]

where N : H1(Qp(µpn), V ) −→ H1(Qp), V ) is the corestriction map.

Our aim in this section is to prove

Proposition 3.6 Let T be the Tate module of E. For any n ≥ 1 and any
z ∈ H1(Qp(µpn ), T ), we have

pn[ϕ(ω), ω]−1 Pn(ϕ
n+1(ω), z) ∈ Zp[Gn]

and

pn[ϕ(ω), ω]−1 Pn(ϕ
n(ω), z) ∈ Zp[Gn].

Proof. Let Ê be the formal group over Zp associated to E, and m be the
maximal ideal of the ring of integers of Qp(µpn), and logÊ be the formal
logarithm of Ê. As in 2.2.2, we consider

log : Ê(m) −→ (D/D0)⊗Qp(µpn )

which sends x to logÊ(x)ω
∗ where ω∗ is an element of D such that

[ω∗, ω] = 1.
Then, by the definition of the dual exponential map, we have a commu-

tative diagram

Ê(m) × H1(Qp(µpn), T ) −→ H2(Qp(µpn ),Zp(1))  Zp�log

�exp∗
�i

D/D0 ⊗Qp(µpn ) × D0 ⊗Qp(µpn ) −→ Qp

where the upper horizontal arrow is defined as the composition of the Kum-
mer map Ê(m) = E(Qp(µpn )) ⊗ Zp −→ H1(Qp(µpn), T ) and the cup
product, the lower horizontal arrow is defined by (x, y) �→TrQp(µpn )/Qp[x, y],
exp∗ is the restriction of exp∗ to H1(Qp(µpn ), T ), and i : Zp −→ Qp is the
inclusion.
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By Lemma 3.2 and the above commutative diagram, in order to show
pn[ϕ(ω), ω]−1 Pn(ϕ

n+1(ω), z) ∈ Zp[Gn], it suffices to show

pn[ϕ(ω), ω]−1γn(ϕ
n+1(ω))mod D0 ⊗Qp(µpn) ∈ log(Ê(m))

because if pn[ϕ(ω), ω]−1γn(ϕ
n+1(ω)) can be written as log(y), we have

pn[ϕ(ω), ω]−1 Pn(ϕ
n+1(ω), z) = Σ(yσ , z)σ where (∗, ∗) is the cup product

of Galois cohomology.
For any x ∈ D, we have

pnγn(x) = ζpnϕ−n(x)+ ζpn−1ϕ−(n−1)(x)+ ...+ ζpϕ
−1(x)+ (1− ϕ)−1(x)

= (ζpn − 1)ϕ−n(x)+ (ζpn−1 − 1)ϕ−(n−1)(x)+ ...
+ (ζp − 1)ϕ−1(x)+ ϕ−n(1− ϕ)−1(x).

Put π = ζpn − 1. We have

pnγn(ϕ
n+1(ω)) = πϕ(ω)+ ((1+ π)p − 1)ϕ2(ω)+ ...

+ ((1+ π)pn−1 − 1)ϕn(ω)+ (1− ϕ)−1(ϕ(ω)).

Since (1 − ϕ)−1(ϕ(ω)) = (p − a + 1)−1 pϕ(ω) mod D0, we have
[ϕ(ω), ω]−1(1 − ϕ)−1(ϕ(ω)) mod D0 ∈ log(Ê(m)) because pω∗ is in
log(Ê(m)). Thus, it suffices to show

exp([ϕ(ω), ω]−1
∞∑

i=0

((1+ π)pi − 1)ϕi+1(ω)) ∈ Ê(m).

We need the following lemma.

Lemma 3.7 For any i ≥ 1, there is a unique homogeneous polynomial
mi(X,Y ) ∈ Z[X,Y ] of degree pi such that for any n ≥ 1 mi(X,Y )’s satisfy

(X + Y )pn = X pn + Y pn + pm1(X
pn−1

,Y pn−1
)+ ...+ pnmn(X,Y ).

This lemma can be checked by induction on n.

We use the function Ex p in Proposition 2.2. Then, we have

exp([ϕ(ω), ω]−1
∞∑

i=0

((1+ π)pi − 1)ϕi+1(ω))

= exp([ϕ(ω), ω]−1(

∞∑
i=0

π pi
ϕi+1(ω)+

∞∑
i=1

pm1(π
pi−1
, 1)ϕi+1(ω)

+
∞∑

i=2

p2m2(π
pi−2
, 1)ϕi+1(ω)+ ...))
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= exp([ϕ(ω), ω]−1
∞∑

i=0

(π pi
ϕi+1(ω)+ m1(π

pi
, 1)pϕi+2(ω)

+ m2(π
pi
, 1)p2ϕi+3(ω)+ ...))

= (Ex p(X ⊗ [ϕ(ω), ω]−1ϕ(ω))+ Ex p(m1(X, 1)⊗ [ϕ(ω), ω]−1 pϕ2(ω))

+ Ex p(m2(X, 1)⊗ [ϕ(ω), ω]−1 p2ϕ3(ω))+ ...)|X=π .
By Proposition 2.2, Ex pE(X ⊗ [ϕ(ω), ω]−1ϕ(ω)), Ex pE(m1(X, 1) ⊗
[ϕ(ω), ω]−1 pϕ2(ω)), Ex pE (m2(X, 1) ⊗ [ϕ(ω), ω]−1 p2ϕ3(ω)),... are all in
Ê(XZp[[X]]). Hence, exp([ϕ(ω), ω]−1 ∑∞

i=0((1 + π)pi − 1)ϕi+1(ω)) is in
Ê(m). This completes the proof of pn[ϕ(ω), ω]−1 Pn(ϕ

n+1(ω), z) ∈ Zp[Gn].
The statement on Pn(ϕ

n(ω), z) can be proved by the same method.

4 A certain subgroup of Selmer groups

In this section, we define a subgroup Sel0(E/F) of the Selmer group of an
elliptic curve E over a number field F, and study their properties.

Let E be an elliptic curve over a number field F.

Definition 4.1 We fix a rational prime p. For an algebraic extension F ′/F,
we define Sel(E/F ′) to be the Selmer group with respect to E[p∞], namely

Sel(E/F ′) = Ker
(
H1(F ′, E[p∞])
−→

∏
v

H1
(
F ′v, E[p∞])/(E

(
F ′v

)⊗Qp/Zp
))

where v ranges over all primes of F ′. We also define a subgroup Sel0(E/F ′)
of Sel(E/F ′) to be

Sel0(E/F ′) = Ker(Sel(E/F ′) −→
∏
v|p

H1(F ′v, E[p∞]))

where v ranges over the primes of F ′ lying over p.

Let S be the subset of the primes of F consisting of the primes lying
over p and the primes at which E has bad reductions. For a Zp-extension
F∞/F, we put Γ = Gal(F∞/F), and denote by Fn the subfield of F∞
such that [Fn : F] = pn . We consider the ring OF[1/S] of S-integers
(elements whose additive valuations outside S are non-negative) of F, and its
integral closure OFn [1/S] in Fn , and consider the etale cohomology groups
H∗(OFn [1/S],F ) (= H∗(GFn ,S,F )where GFn,S is the Galois group of the
maximal unramified extension of Fn outside S over Fn). Let T = Tp(E) be
the Tate module of E. We define

H1(OF∞[1/S], T ) = lim← H1(OFn [1/S], T ).
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We assume p is an odd prime. Concerning Sel0(E/F) we have a control
theorem (cf. Remark 4.4), but for the proof of Theorem 0.1 we only need
a special case of the control theorem, so here we prove the following two
lemmas which can be easily verified.

Lemma 4.2 Suppose that p does not divide the Tamagawa factor Tam(E),
and E(Fv) does not have a point of order p for any v above p. Then, we
have a natural isomorphism

Sel0(E/F)
−→ Sel0(E/F∞)Γ.

Lemma 4.3 Suppose that p does not divide the Tamagawa factor Tam(E),
E(Fv) does not have a point of order p for any v above p, and Sel0(E/F)=0.
Then, we have Sel0(E/Fn) = 0, and the natural map

H1(OF∞[1/S], T ) −→ H1(OFn [1/S], T )

is surjective for all n ≥ 0.

Remark 4.4 In general, we have a control theorem for Sel0(E/F), which
implies the above two lemmas. Namely, we have an exact sequence

Image(((
⊕
v∈S∞

H0(F∞,v, E[p∞]))/H0(F∞, E[p∞]))Γ

−→ H1(Γ, H0(F∞, E[p∞])))
−→ Sel0(E/F) −→ Sel0(E/F∞)Γ

−→ ((
⊕
v∈S∞

H0(F∞,vE[p∞]))/H0(F∞, E[p∞]))Γ −→

(Coker(H1(OF∞[1/S], T )Γ −→ H1(OF[1/S], T )))∨ −→
Sel0(E/F∞)Γ −→ 0

where (∗)∨ means the Pontrjagin dual of (∗), and S∞ is the set of primes of
F∞ above S. This will be proved in Part II.

Proof of Lemma 4.2. We put A = E[p∞]. If v does not divide p, we have
E(Fv) ⊗ Qp/Zp = 0, hence by the definition of Sel0(E/F), we have an
exact sequence

0 −→ Sel0(E/F) −→ H1(OF[1/S], A) −→
⊕
v∈S

H1(Fv, A).

We denote by S∞ the primes of F∞ lying over S, and compare the above
exact sequence with the exact sequence

0 −→ Sel0(E/F∞)Γ −→ H1(OF∞[1/S], A)Γ −→ (
⊕
v∈S∞

H1(F∞,v, A))Γ.
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Our assumption implies E(F)[p] = 0 which implies that H1(OF[1/S], A)
−→ H1(OF∞[1/S], A)Γ is bijective. Since p 
 |Tam(E) and E(Fv)[p] = 0

for all v lying over p, we have (
⊕

v∈S∞ H0(F∞,v, A))Γ = 0 (Greenberg [5]
§3). Hence,

⊕
v∈S H1(Fv, A) −→ ⊕

v∈S∞ H1(F∞,v, A) is injective. Thus,
by the snake lemma we get the conclusion of Lemma 4.2.

Proof of Lemma 4.3. By Lemma 4.2 and Nakayama’s lemma, we get
Sel0(E/F∞) = 0. Using Lemma 4.2 again for F∞/Fn , we have
Sel0(E/Fn) = 0.

In order to prove the second claim, we may assume n = 0 by replacing
Fn with F. Concerning Sel(E/F), by Cassels-Tate-Poitou duality we have
an exact sequence

⊕
v∈S

H1(Fv, T )/(E(Fv)⊗ Zp) −→ Sel(E/F)∨ −→ H2(OF[1/S], T )

−→
⊕
v∈S

H2(Fv, T ) −→ H0(F, A)∨ −→ 0.

Since E(Fv)⊗Qp/Zp = 0 for a prime vwhich does not divide p, the above
exact sequence yields an exact sequence

0 −→ Sel0(E/F)∨ −→ H2(OF[1/S], T ) −→
⊕
v∈S

H2(Fv, T )

−→ H0(F, A)∨ −→ 0.

This exact sequence together with Sel0(E/F) = 0 implies that
H2(OF[1/S], T ) is finite, and H2(OF[1/S], A) = 0.

Hence, by Tate-Poitou duality, we have an exact sequence

0−→H1(OF[1/S], A)
a−→

⊕
v∈S

H1(Fv, A)
b−→H1(OF[1/S], T )∨−→0

where the injectivity of a follows from Sel0(E/F) = 0, and the surjectivity
of b follows from H2(OF[1/S], A) = 0. We compare this exact sequence
with the exact sequence

0 −→ H1(OF∞[1/S], A) −→
⊕
v∈S∞

H1(F∞,v, A)

−→ H1(OF∞[1/S], T )∨ −→ 0.

As we saw in the proof of Lemma 4.2, our assumption implies that
H1(OF[1/S], A)

−→ H1(OF∞[1/S], A)Γ is bijective, and
⊕

v∈S H1(Fv, A)
−→⊕

v∈S∞ H1(F∞,v, A) is injective. Hence again by the snake lemma, we
get the injectivity of H1(OF[1/S], T )∨ −→ H1(OF∞[1/S], T )∨. This com-
pletes the proof of Lemma 4.3.
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For an algebraic extension F ′/F, we define

Sel′(E/F ′) = Ker(H1(F ′, E[p∞]) −→
∏
v 
 | p

H1(F ′v, E[p∞]))

where v ranges over all primes which are prime to p. The following lemma
can be proved by the same method as Lemma 4.2, and will be used in the
next section.

Lemma 4.5 Suppose that p does not divide the Tamagawa factor Tam(E),
and E(F)[p] = 0. Then, we have a natural isomorphism

Sel′(E/F)
−→ Sel′(E/F∞)Γ.

By definition, we have Sel0(E/F) ⊂ Sel(E/F) ⊂ Sel′(E/F). We have
control theorems for Sel0(E/F) and Sel′(E/F), but a control theorem does
not exist for Sel(E/F), in general.

5 The zeta elements by Kato and Selmer groups

In the following, we assume that E is a modular elliptic curve over Q, and p
is an odd prime number at which E has good reduction. Let S be the subset
of the primes consisting of p and all bad primes of E, and T = Tp(E) be
the Tate module of E.

Suppose K∞/Q is the cyclotomic Zp-extension, and Kn is the n-th layer.
Put Λ = Zp[[Gal(K∞/Q)]]. Let vn be the prime of Kn lying over p, and
put k = Qp, kn = Kn,vn , and k∞ = ∪kn . Then, k∞/k is the cyclotomic
Zp-extension. We define

Hq(OK∞[1/S], T ) = lim← Hq(OKn [1/S], T )

and

Hq(k∞, T ) = lim← Hq(kn, T ).

We use the following zeta elements constructed by K. Kato [14] Theo-
rem 12.5.

Theorem 5.1 (K. Kato) Assume that the Galois action ρE[p] : GQ =
Gal(Q/Q) −→ Aut(E[p])  GL2(Fp) on the p-torsion points E[p] is
surjective. Then, there exists a system of elements

(zn)n≥0 ∈ H1(OK∞[1/S], T ) = lim← H1(OKn [1/S], T )

(zn ∈ H1(OKn [1/S], T ))
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such that for any character ψ of Gn = Gal(Kn/Q) of order pn with n > 0,
we have ∑

σ∈Gn

ψ(σ) exp∗(σ(zn)) = ωE L(E, ψ, 1)/ΩE,

and

exp∗(z0) = ωE(1− ap/p+ 1/p)L(E, 1)/ΩE

where

exp∗ : H1(kn, T ) −→ H0(E/kn ,Ω
1)

is the dual exponential map, and ωE is the Néron differential, ΩE is the
Néron period, and ap = p+ 1− #E(Fp).

To get such a “good” (zn), we also used the fact that the Néron period
differs from the canonical period only by a p-adic unit (cf. [18] §4, [7] §3).

Our aim in this section is to prove

Proposition 5.2 Let E be an elliptic curve over Q, and p be an odd
prime number at which E has supersingular reduction. We assume that
ordp(L(E, 1)/ΩE) = ordp Tam(E) = 0, and that the Galois action ρE[p] :
GQ −→ GL2(Fp) is surjective. Let (zn) be the zeta elements in
H1(OK∞[1/S], T ) (Theorem 5.1). Then, we have

(1) Sel0(E/K∞) = 0 and Sel0(E/Kn) = 0 for all n ≥ 0.
(2) We put Λ = Zp[[Gal(K∞/Q)]], and Λn = Zp[Gal(Kn/Q)]. Then,

the dual of Sel(E/K∞) is a free Λ-module of rank 1, and the dual of
Sel(E/Kn) is isomorphic to H1(kn, T )/((E(kn) ⊗ Zp)+ < zn >) for
all n ≥ 0. Here, < zn > is the Λn-module generated by the image of
zn.

(3) H1(OKn [1/S], T ) is a free Λn-module of rank 1, and generated by zn
for all n ≥ 0.

Proof. The Cassels-Tate-Poitou duality yields an exact sequence

lim← Sel(E/Q, E[pn]) −→ H1(Z[1/S], T ) −→ H1(Qp, T )/(E(Qp)⊗ Zp)

where Sel(E/Q, E[pn]) is the Selmer group with respect to pn-torsion
points E[pn]. Since L(E, 1) 
= 0, by Kolyvagin [15] (or Kato [14]) we
know that Sel(E/Q) is finite. Further, since p is a supersingular prime,
E(Q) does not contain a point of order p. Hence, lim← Sel(E/Q, E[pn]) = 0,

so H1(Z[1/S], T ) is a free Zp-module of rank 1.
Note that the image of the dual exponential map

exp∗ : H1(Qp, T ) −→ H0
(
E/Qp,Ω

1
)
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is inourcase p−1 ZpωE ([25]Proposition5.2), so the image of H1 (Z[1/S], T )
under exp∗ is contained in p−1ZpωE . By Theorem 5.1, we have exp∗(z0) =
ωE(1−ap/p+1/p)L(E, 1)/ΩE , so our assumption ordp(L(E, 1)/ΩE) = 0
implies that exp∗(z0) generates p−1ZpωE , so z0 generates H1(Z[1/S], T )
 Zp.

Further, since exp∗ factors through H1(Qp, T )/(E(Qp)⊗ Zp) which is
a free Zp-module of rank 1, the class of z0 generates H1(Qp, T )/(E(Qp)⊗
Zp). Since ρE[p] : GQ −→ GL2(Fp) is surjective, the argument of the Euler
systems together with the above facts implies that Sel(E/Q) = 0 ([14] §14).
(Concerning Sel(E/Q) = 0, cf. also [15].)

In particular, Sel0(E/Q) = 0. Since p is a supersingular prime, we have
E(Qp)[p] = 0. So we can apply Lemma 4.3, and we have Sel0(E/Kn) = 0
for any n > 0, and Sel0(E/K∞) = 0. Thus, we get (1).

Since H1(Z[1/S], T ) is generated by z0 and H1(OK∞[1/S], T ) is free of
rank 1 as a Λ-module ([14] Theorem 12.4), the natural map
H1(OK∞[1/S], T )Γ −→ H1(Z[1/S], T ) is bijective and (zn) generates
H1(OK∞[1/S], T ) by Nakayama’s lemma. Lemma 4.3 implies that for
n ≥ 0

H1(OKn [1/S], T )
←− H1(OK∞[1/S], T )Γn

is bijective where Γn = Gal(K∞/Kn). Hence, H1(OKn[1/S], T ) is a free
Λn-module of rank 1, and generated by zn. So we have proved (3).

Finally, we show (2). We first show Sel(E/K∞)∨  Λ. The proof
is essentially the same as [3] Theorem 4.5 of Coates and Sujatha. Let
Sel′(E/Q) be the group defined before Lemma 4.5. By definition, we have
an exact sequence

0 −→ Sel(E/Q) −→ Sel′(E/Q) −→ H1(Qp, A)/(E(Qp)⊗Qp/Zp).

Since Sel(E/Q) = 0, Sel′(E/Q)∨ is a quotient of Zp. Hence, by Lemma 4.5
and Nakayama’s lemma, Sel′(E/K∞)∨ is generated by one element as a Λ-
module. Since p is a supersingular prime, lim← E(kn) ⊗ Zp = 0 ([8], [9]),

and H1(k∞, E[p∞]) = E(k∞) ⊗ Qp/Zp. So we have Sel′(E/K∞) =
Sel(E/K∞). Since the Λ-rank of Sel(E/K∞)∨ is ≥ 1, we have
Sel(E/K∞)∨  Λ.

Next, we show the statement on Sel(E/Kn). By Cassels-Tate-Poitou
duality, we have an exact sequence

H1(OKn[1/S], T ) −→ H1(kn, T )/(E(kn)⊗ Zp) −→ Sel(E/Kn)
∨

−→ Sel0(E/Kn)
∨.

From Proposition 5.2 (1) and (3), we get the description of Sel(E/Kn)
∨ in

Proposition 5.2 (2).
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The claim Sel(E/K∞)∨  Λ can be also obtained by taking the limit
of the above description of Sel(E/Kn)

∨ because lim← E(kn) ⊗ Zp = 0 and

H1(k∞, T ) is a free Λ-module of rank 2 and (zn) can be taken as a part of
a basis.

6 Iwasawa Main Conjecture

In this section, we give some remarks on the Iwasawa Main Conjecture
of an elliptic curve for cyclotomic Zp-extensions. We note that Iwasawa
theory for an elliptic curve with supersingular reduction at p was studied
by Perrin-Riou intensively [21], [22].

Let E be an elliptic curve defined over Q. We assume that p is a prime
number such that E has good reduction at p, and for simplicity assume that
the Galois action ρE[p] : GQ −→ GL2(Fp) on the p-torsion points E[p] is
surjective, and consider the cyclotomic Zp-extension K∞/Q. Let Kn be the
n-th layer, and Λ = Zp[[Gal(K∞/Q)]] as in the previous section. We con-
sider the zeta elements (zn) ∈ H1(OK∞[1/S], T ) = lim← H1(OKn [1/S], T )

of Kato in Theorem 5.1. We also consider the subgroup Sel0(E/K∞) of the
Selmer group in Definition 4.1. Its Pontrjagin dual Sel0(E/K∞)∨ is a torsion
Λ-module by a result in [14] (cf. the discussion after Conjecture 6.1). Then,
Iwasawa Main Conjecture can be written in the following simple form.

Conjecture 6.1 (Iwasawa Main Conjecture)

char(Sel0(E/K∞)∨) = char(H1(OK∞[1/S], T )/ < (zn) >).

Here, char(M) means the characteristic ideal of a torsion Λ-module M.

This formulation of Iwasawa Main Conjecture is an analogy of the
formulation of the classical Iwasawa Main Conjecture which uses the cy-
clotomic units and the plus part of the ideal class groups.

This conjecture is equivalent to the usual Iwasawa Main Conjecture
of Mazur [17] if E has good ordinary reduction. This conjecture is also
equivalent to Conjecture 12.10 in Kato [14] and Perrin-Riou 3.4.2 in [22].
In [14], instead of Sel0(E/K∞), H2( j∗T ) = lim← H2(Spec OKn [1/p], j∗T )

(where j is the natural inclusion Spec OKn [1/S] j−→ Spec OKn [1/p]) is
used, but we have

char(H2( j∗T )) = char(Sel0(E/K∞)∨).

We will see this. Put S′ = S \ {p}, and denote by S′n (resp. S′∞) the
primes of Kn (resp. K∞) lying over S′. From the localization sequence, we
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have an exact sequence⊕
v∈S′n

H0(κ(v), H1((Kn,v)nr, T )) −→ H2(OKn [1/p], j∗T )

−→ H2(OKn [1/S], T ) −→
⊕
v∈S′n

H2(Kn,v, T )

where κ(v) is the residue field of v, and (Kn,v)nr is the maximal unramified
extension of Kn,v. Since lim←n

⊕
v∈S′n H0(κ(v), H1((Kn,v)nr, T )) = 0, taking

the projective limits, we have an exact sequence

0 −→ H2( j∗T ) −→ H2(OK∞[1/S], T ) −→
⊕
v∈S′∞

H2(Kn,v, T ).

On the other hand, taking the projective limits of the exact sequence on
Sel0(E/F) in the proof of Lemma 4.3, we have an exact sequence

0 −→ Sel0(E/K∞)∨ −→ H2(OK∞[1/S], T ) −→
⊕
v∈S∞

H2(K∞,v, T ).

Kato proved that H2(OK∞[1/S], T ) is a torsion Λ-module [14], so
Sel0(E/K∞)∨ is also Λ-torsion as we stated before Conjecture 6.1. Let
k∞/Qp be the cyclotomic Zp-extension. Since p is a good reduction prime,
there are only finite p-power torsion points in E(k∞), so by Tate duality,
H2(k∞, T ) is finite. Therefore, comparing two exact sequences, we have
char(H2( j∗T )) = char(Sel0(E/K∞)∨).

The following is an immediate consequence of Proposition 5.2.

Proposition 6.2 Let E be an elliptic curve over Q, and p be an odd
prime number at which E has supersingular reduction. We assume that
ordp(L(E, 1)/ΩE) = ordp Tam(E) = 0, and that the Galois action ρE[p] :
GQ −→ GL2(Fp) is surjective. Then, Conjecture 6.1 holds in the form
(1) = (1).

Thus, we have a lot of examples (E, p) for which Iwasawa Main Con-
jecture is true even in the case that p is a supersingular prime for E.

7 Proof of Theorem 0.1

In this section, we will prove Theorem 0.1. We put

rn =



0 for n = 0, 1
pn−1 + pn−3 + ...+ p− n

2 for any even n ≥ 2
pn−1 + pn−3 + ...+ p2 − n−1

2 for any odd n ≥ 3.

Note that for n ≥ 2 we have rn = Σn
i=2qi where qi is the number defined in

Proposition 1.2.
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We put Gn = Gal(Kn/Q) and Λn = Zp[Gn].
Lemma 7.1 (1) #Λn/(θKn, νn−1,n(θKn−1)) ≤ prn .
(2) Sel(E/Kn)

∨ is killed by θKn .
(3) There is a surjective homomorphism Λn/(θKn , νn−1,n(θKn−1))−→ Sel(E/Kn)

∨.
(4) # Sel(E/Kn) ≥ prn .

It is easy to see that this lemma implies Theorem 0.1. In fact, Lemma 7.1
(1), (3) and (4) imply that

prn ≥ #Λn/(θKn, νn−1,n(θKn−1)) ≥ # Sel(E/Kn) ≥ prn .

Thus we obtain Theorem 0.1 (3) and (4). In particular, Sel(E/Kn) is finite
and we get Theorem 0.1 (2). Theorem 0.1 (1) follows from Theorem 0.1 (2)
and Proposition 5.2 (2).

Proof of Lemma 7.1. We first show Lemma 7.1 (1). As we saw in the proof
of Proposition 1.2, θK1 and θK0 are units, so the claim is clear for n = 0
and 1. Suppose that n ≥ 2. Let ψn be a character of Gn of order pn . We
define Oψn = Zp[µpn ], and extend ψn to Λn by linearity

ψn : Λn −→ Oψn .

Put In = (θKn , νn−1,n(θKn−1)). Then ψn induces ψn : Λn/In −→
Oψn/(ψn(θKn)). By Lemma 1.1, νn−1,n induces νn−1,n : Λn−1/In−1 −→
Λn/In, and we have an exact sequence

Λn−1/In−1
νn−1,n−→ Λn/In

ψn−→ Oψn/(ψn(θKn)).

By Proposition 1.2 and induction on n, we get

#(Λn/In) ≤ #(Λn−1/In−1)#(Oψn/(ψn(θKn))) ≤ prn−1+qn = prn .

This completes the proof of Lemma 7.1 (1).

Next, we proceed to the proof of Lemma 7.1 (2). We use the same
notation as before. Let kn be the n-th layer of the cyclotomic Zp-extension
of Qp, and for x ∈ D and z ∈ H1(kn, T ), define P n(x, z) by

P n(x, z) = 1

p− 1
πPn+1(x, i(z)) ∈ Qp[Gn]

where Pn+1(∗, ∗) is the pairing in §3, and i : H1(kn, T ) −→
H1(Qp(µpn+1), T ) is the natural map, and π : Qp[Gn+1] =
Qp[Gal(Qp(µpn+1)/Qp)] −→ Qp[Gal(kn/Qp)] = Qp[Gn] is the natural
projection. Let zn ∈ H1(OKn [1/S], T ) be the zeta element in Theorem 5.1.
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Lemma 7.2

θKn =
1

2[ϕ(ω), ω] pn+1P n

(
ϕn+2(ω), zn

)
,

νn−1,n(θKn−1) =
1

2[ϕ(ω), ω] pn+1P n
(
ϕn+1(ω), zn

)
.

Proof. As in 2.2.1, we define (cm)m≥0 by c0 = 0, c1 = 1, and cm =
p−1apcm−1 − p−1cm−2. Since ϕ2 − p−1apϕ + p−1 = 0, as in the proof of
Proposion 2.2, we have

ϕm(ω) = − 1

p
cm−1ω+ cmϕ(ω)

for any m ≥ 1.
For i such that 1 ≤ i ≤ n, let ψi be a character of Gn whose order is pi .

Hence, the conductor of ψi is pi+1. By Lemma 3.4 and Theorem 5.1, we
have

ψi(P n(ϕ
n+2(ω), zn)) = 1

pi+1
τ(ψi)

∑
σ∈Gn

ψ−1
i (σ)[ϕn−i+1(ω), exp∗(σ(zn))]

= 1

pi+1
[ϕn−i+1(ω), ω]τ(ψi)L

(
E, ψ−1

i , 1
)
/ΩE .

Hence, using the above formula on ϕn−i+1(ω), we have

ψi(P n(ϕ
n+2(ω), zn)) = 1

pi+1
cn−i+1[ϕ(ω), ω]τ(ψi)L

(
E, ψ−1

i , 1
)
/ΩE.

On the other hand, from the distribution relation πm,m−1(θKm) = apθKm−1− νm−2,m−1(θKm−2) (m ≥ 2), by induction on n − i we have

πn,i(θKn) = pn−i cn−i+1θKi − pn−i−1cn−iνi−1,i(θKi−1)

for any i such that 1 ≤ i ≤ n. Hence, by the formula ψi(θKi) =
τ(ψi)L

(
E, ψ−1

i , 1
)
/2ΩE of Mazur and Tate [19] (1.4), we have

ψi(θKn) = ψi(πn,i(θKn)) = pn−i cn−i+1τ(ψi)L
(
E, ψ−1

i , 1
)
/2ΩE.

It follows that

ψi(θKn) = ψi

(
1

2[ϕ(ω), ω] pn+1P n(ϕ
n+2(ω), zn)

)
.
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Next we consider the trivial character 1 of Gn . By Lemma 3.5 and
Theorem 5.1 and the computation

(1− ϕ)−1(1− ϕ−1/p)ϕn+2(ω)

= (1− ϕ)−1(1− ϕ−1/p)ϕ2

(
− 1

p
cn−1ω+ cnϕ(ω)

)

≡
(

1− ap

p
+ 1

p

)−1 (
(ap − 1)2 − p

p2
cn − ap − 2

p2
cn−1

)
ϕ(ω) mod D0,

we have

1
(
P n

(
ϕn+2(ω), zn

)) =(
(ap − 1)2 − p

p2
cn − ap − 2

p2
cn−1

)
[ϕ(ω), ω]L(E, 1)/ΩE .

On the other hand, let θ1 = L(E, 1)/2ΩE . Then, as we saw in the proof of
Proposition 1.2, we have θK0 = (ap−2)θ1 andπ1,0(θK1) = ((ap−1)2−p)θ1.
Hence, we have

πn,0(θKn) = π1,0(πn,1(θKn)) = π1,0
(

pn−1cnθK1 − pn−2cn−1ν0,1(θK0)
)

= pn−1(((ap − 1)2 − p)cn − (ap − 2)cn−1)θ1.

It follows that

1(θKn) = 1
(

1

2[ϕ(ω), ω] pn+1P n(ϕ
n+2(ω), zn)

)
.

Therefore, for any character of Gn , the image of θKn coincides with the
image of (2[ϕ(ω), ω])−1 pn+1P n(ϕ

n+2(ω), zn). This implies that

θKn =
1

2[ϕ(ω), ω] pn+1P n
(
ϕn+2(ω), zn

)
.

The equation for νn−1,n(θKn−1) can be proved by the same method. In
fact, we have

ψi(νn−1,n(θKn−1)) = ψi

(
1

2[ϕ(ω), ω] pn+1P n(ϕ
n+1(ω), zn)

)

= pn−i cn−iτ(ψi)L
(
E, ψ−1

i , 1
)
/2ΩE,

and

1(νn−1,n(θKn−1)) = 1
(

1

2[ϕ(ω), ω] pn+1P n(ϕ
n+1(ω), zn)

)

= pn−1(((ap − 1)2 − p)cn−1

− (ap − 2)cn−2)L(E, 1)/2ΩE .

This completes the proof of Lemma 7.2.
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We go back to the proof of Lemma 7.1 (2). By the computation in the
proof of Lemma 7.2 and L(E, ψ−1

i , 1) 
= 0 (Proposition 1.2) for any i with
0 ≤ i ≤ n (where we defined ψ0 = 1), it is easy to see that there are
infinitely many a ∈ Zp such that ψi(P n(ϕ

n+2(ω)+ aϕn+1(ω), zn)) 
= 0 for
any i with 0 ≤ i ≤ n (note that there is no i such that ci = ci+1 = 0). Take
such a and put x = ϕn+2(ω) + aϕn+1(ω). For z ∈ H1(kn, T ), it follows
from Proposition 3.6 that [ϕ(ω), ω]−1 pn+1P n(x, z) is in Zp[Gn]. We define
a map

Ψx : H1(kn, T ) −→ Λn = Zp[Gn]
by z �→ (2[ϕ(ω), ω])−1 pn+1P n(x, z).

Put V = T ⊗Zp Qp. In the following, we use the notation H1
f (kn, V ) =

E(kn)⊗Qp and H1
f (kn, T ) = E(kn)⊗ Zp in [2]. We write

An = H1(kn, T )/(H1
f (kn, T )+ < zn >)

where< zn > is the sub Λn-module generated by zn. By Proposition 5.2 (2),
An is isomorphic to Sel(E/Kn)

∨. Hence, it is sufficient to show θKn An = 0.
Since ψi(Ψx(zn)) 
= 0 for any i, the extension of Ψx to H1(kn, V ) =

H1(kn, T )⊗Qp induces a bijective homomorphism

Ψx ⊗Qp : H1(kn, V )/H1
f (kn, V )

−→ Qp[Gn]  Qp ⊕Qp(µp)⊕ ...⊕Qp(µpn ).

Since the natural map

H1(kn, T )/H1
f (kn, T ) ↪→ H1(kn, V )/H1

f (kn, V )

is injective, Ψx induces an injective homomorphism

Ψx : H1(kn, T )/H1
f (kn, T ) ↪→ Λn = Zp[Gn].

Hence, we have

An
−→ Image(Ψx)/ < Ψx(zn) >

where < Ψx(zn) > is the sub Λn-module of Λn generated by Ψx(zn). In
particular, Ψx(zn) kills An . By Lemma 7.2, we know Ψx(zn) = θKn +
aνn−1,n(θKn−1), so An is killed by this element.

By induction on n, we have θKn−1 An−1 = 0. This implies that the com-

position An
Cor−→ An−1

θKn−1−→ An−1
Res−→ An is zero, but this composition

coincides with z �→ νn−1,n(θKn−1)z, hence νn−1,n(θKn−1)An = 0. It follows
that θKn An = 0. This completes the proof of Lemma 7.1 (2).
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Next, we prove Lemma 7.1 (3). Lemma 7.1 (2) says that θKn Sel(E/Kn)
∨

= 0. As we saw above, νn−1,n(θKn−1) also kills Sel(E/Kn)
∨. On the other

hand, since the natural map Sel(E/Kn) −→ Sel(E/K∞) is injective, it
follows from Proposition 5.2 (2) that Sel(E/Kn)

∨ is generated by one
element as a Λn-module. Thus, we get Lemma 7.1 (3).

We proceed to the proof of Lemma 7.1 (4). In our original proof we used
the properties of zeta elements heavily, but here we give a simple proof which
uses only the finiteness of Sel(E/Kn−1) by a suggestion of Greenberg. We
thank Greenberg very much for his suggestion. Put G = Gal(Kn/Kn−1). Let
S be as in §5, and Sn (resp. Sn−1) be the set of primes of Kn (resp. Kn−1) lying
over S. For a local field k we set h(k) = H1(k, E[p∞])/(E(k) ⊗ Qp/Zp).
By the definition of the Selmer group, we have a commutative diagram of
exact sequences

0 → Sel(E/Kn−1)→ H1
(
OKn−1[1/S], E[p∞]) a→∏

v∈Sn−1
h((Kn−1)v)�b1

�b2

�b3

0 → Sel(E/Kn)
G → H1

(
OKn [1/S], E[p∞])G → (

∏
v∈Sn

h((Kn)v))
G .

Since Sel(E/Kn−1) is finite, a is surjective. We know the injectivity of b2
because there is no point of order p in E(Kn). Further, b3 is the dual of
the norm map ΠE((Kn)v)⊗Zp −→ ΠE((Kn−1)v)⊗Zp. Hence, the order
of the cokernel of b1 is greater or equal to the order of the cokernel of the
norm map N : E(kn)⊗Zp −→ E(kn−1)⊗Zp. By Proposition 2.1, we have
#((E(kn−1) ⊗ Zp)/N(E(kn) ⊗ Zp)) ≥ pqn . Hence, by induction on n we
obtain

# Sel(E/Kn) ≥ #
(

Sel(E/Kn)
G
) ≥ # Sel(E/Kn−1)p

qn ≥ prn−1+qn = prn .

This completes the proof of Lemma 7.1 (4).

In the proof of Lemma 7.1 (4), we showed #(Sel(E/Kn)
G) ≥ prn . Since

# Sel(E/Kn) = prn , this implies that

Sel(E/Kn)
G = Sel(E/Kn).

Hence, we obtain

Proposition 7.3 We put G = Gal(Kn/Kn−1). Then, under the assumption
of Theorem 0.1, every element in the Tate Shafarevich group of E/Kn with
p-power order is G-invariant. Namely,

III− (E/Kn){p}G = III− (E/Kn){p}.

Next, we prove the structure theorem for III− (E/Kn){p} as an abelian
group.
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Theorem 7.4 Under the assumption of Theorem 0.1, for n ≥ 2 we have

III− (E/Kn){p}  (Z/pn−1Z)q2 ⊕ (Z/pn−2Z)q3−q2 ⊕ (Z/pn−3Z)q4−q3 ⊕ ...
...⊕ (Z/pZ)qn−qn−1

where qn is the number defined in Proposition 1.2.

Proof. Put In = (θKn , νn−1,n(θKn−1)). Since Sel(E/Kn)
∨ is isomorphic to

Λn/In by Theorem 0.1 (4), it is enough to show that Λn/In has the structure
as in Theorem 7.4. We denote by ψn a character of Gn with order pn , and
consider an exact sequence

Λn−1/In−1
νn−1,n−→ Λn/In

ψn−→ Oψn/(ψn(θKn))

in the proof of Lemma 7.1 (1). Comparing the orders of these three groups,
we have an exact sequence

0 −→ Λn−1/In−1
νn−1,n−→ Λn/In

ψn−→ Oψn/(ψn(θKn)) −→ 0.

Since (Λn/In) ⊗ Fp = Fp[T ]/(T qn), the p-rank of Λn/In is qn . Hence, it
coincides with the p-rank of Oψn/(ψn(θKn)). Thus, by induction on n, we
obtain Theorem 7.4.
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Note added in proof.

After this paper was written, important progress was made on this subject
by R. Pollack “On the p-adic L-function of a modular form at a supersin-
gular prime” and by B. Perrin-Riou “Arithmétique des courbes elliptiques
à réduction supersingulière en p” (preprints).


